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Abstract. The discovery of the radiation properties of black holes prompted the search for a natural candi- 
date quantum ground state for a massless scalar field theory on Schwarzschild spacetime, here considered in 
the Eddington-Finkelstein representation. Among the several available proposals in the literature, an important 
physical role is played by the so-called Unruh state which is supposed to be appropriate to capture the physics 
of a black hole formed by spherically symmetric collapsing matter. Within this respect, we shall consider a 
massless Klein-Gordon field and we shall rigorously and globally construct such state, that is on the algebra of 
Weyl observables localised in the union of the static external region, the future event horizon and the non-static 
black hole region. Eventually, out of a careful use of microlocal techniques, we prove that the built state fulfils, 
where defined, the so-called Hadamard condition; hence, it is perturbatively stable, in other words realizing the 
natural candidate with which one could study purely quantum phenomena such as the role of the back reaction 
of Hawking's radiation. 

From a geometrical point of view, we shall make a profitable use of a bulk-to-boundary reconstruction tech- 
nique which carefully exploits the Killing horizon structure as well as the conformal asymptotic behaviour of the 
underlying background. From an analytical point of view, our tools will range from Hormander's theorem on 
propagation of singularities, results on the role of passive states, and a detailed use of the recently discovered 
peeling behaviour of the solutions of the wave equation in Schwarzschild spacetime. 
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1 Introduction 

In the wake of Hawking's discovery of the radiating properties of black holes |Haw74j . several investigations 
on the assumptions leading to such result were prompted. In between them, that of Unruh [Un76| caught 
the attention of the scientific community, since he first emphasised the need to identify a physically 
sensible candidate quantum state which could be called the vacuum for a quantum massless scalar field 
theory on the Schwarzschild spacetime. This is especially true when such spacetime is viewed as that of 
a real black hole obtained out of the collapse of spherically symmetric matter. 

If we adopt the standard notation {e.g., see |Wa94) l. this spacetime can be identified with the union 
of the regions I and III in the Kruskal manifold including the future horizon, though we must omit the 
remaining two regions together with their boundaries [Wa841 rWa94] . To the date, in the literature, three 
candidate background states are available, going under the name of Boulware (for the external region), 
Hartle- Hawking (for the complete Kruskal manifold) and Unruh state (for the union of both the external 
and black hole region, including the future event horizon). The goal of this paper is to focus on the latter, 
mostly due to its remarkable physical properties. As a matter of fact, earlier works (see for example 
[Ca80[ IBa841 IBa01| ) showed that such a state could be employed to compute the expectation value of 
the regularised stress-energy tensor for a massless scalar field in the physical region of Schwarzschild 
spacetime, above pointed out. The outcome is a regular expression on the future event horizon while, 
at future null infinity, it appears an outgoing fiux of radiation compatible with that of a blackbody 
at the black hole temperature. As pre-announced, this result, together with Birkhoff's theorem, lead 
to the conjecture that the very same Unruh state, say uju, as well as its smooth perturbations, is the 
natural candidate to be used in the description of the gravitational collapse of a spherically symmetric 
star. However, to this avail, one is also lead to assume that lou fulfils the so-called Hadamard property 
[KW91|, [Wa94| . a prerequisite for states on curved background to be indicated as physically reasonable. 
As a matter of fact, in between the many properties, it is noteworthy to emphasise that such condition 
assures the existence of a well-behaved averaged stress energy tensor [Wa94| . Therefore, from a heuristic 
point of view, this condition is tantamount to require that the ultraviolet behaviour mimics that of the 
Minkowski vacuum, leading to a physically clear prescription on how to remove the singularities of the 
averaged stress-energy tensor; this comes at hand whenever one needs to compute the back-reaction of 
the quantum matter on the gravitational background through Einstein's equations. 
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The relevance of the Hadamard condition is further borne out by the analysis in |FH90| . where 
the description of the gravitational collapse of a spherically symmetric star is discussed and, under 
the assumption of the existence of suitable algebraic states of Hadamard form, it is shown that the 
appearance of the Hawking radiation, brought, at large times, by any of the said states, is precisely 
related to the scaling-limit behaviour of the underlying two-point function of the state computed on the 
2-sphere determined by the locus where the star radius crosses the Schwarzschild one. 

It is therefore manifest the utmost importance to verify whether uju satisfies or not the Hadamard 
property, a condition which appears reasonable to assume at least in the static region of Schwarzschild 
spacetime also in view both of the former analysis in [Ca80| and of the general results achieved in [SVOOj 
applied to those in |UK86-87] . Indeed such a check is one of the main purposes to write this paper. 
Our goals are, however, broader, as we shall make a novel use of the Killing and conformal structure of 
Schwarzschild spacetime in order to construct rigorously and unambiguously the Unruh state, contem- 
porary in the static region, inside the internal region and on the future event horizon. To this avail, we 
shall exploit some techniques which in the recent past have been successfully applied to manifolds with 
Killing horizons, asymptotically flat spacetimes (see also the recent |Sc09p as well as cosmological back- 
grounds |MP05l [DMP061 IMoOei iDaMal IDaOBbI IMoOB) iDMPOQal IDMP09b| . Within this respect, it is also 
important to mention that, although, for different physical goals, a mathematically similar technology 
was employed in |HoOO| including a proof of the Hadamard property of the relevant states. 

From the perspective of this manuscript, the above cited paper are most notable for their underlying 
common "philosophy". To wit, as a first step, one always identifies a preferred codimension 1 null 
submanifolds of the background, one is interested in. Afterwards, the classical solutions of the bulk 
dynamical system, one wishes to consider, are projected on a suitable function set living on the chosen 
submanifold. The most notable property of this set is that one can associate to it a Weyl algebra of 
observable, which carries a corresponding distinguished quantum algebraic state which can be pulled- 
back to bulk via the above projection map. On the one hand this procedure induces a state for the 
bulk algebra of observables and, on the other hand, such new state enjoys several important physical 
properties, related both with the symmetries of the spacetime and with suitable notions of uniqueness 
and energy positivity. 

Particularly, although at a very first glance, one would be tempted to conclude that the Hadamard 
property is automatically satisfied as a consequence of the construction itself and of the known results 
for the niicrolocal composition of the wave front sets, actually we face an harsher reality. To wit, this 
feature has to be verified via a not so tantalising case by case analysis since it is strictly intertwined to the 
geometrical details of the background. Unfortunately the case, we analyse in this paper, is no exception 
and, thus, we shall be forced to use an novel different procedure along the lines below outlines. 
As a starting point, we shall remark that, in the Schwarzschild background, the role of the distinguished 
null codimension one hypersurface, on which to encode the bulk data, will be played by the union of 
the complete Killing past horizon and of null past infinity. Afterwards, as far as the state is concerned, 
it will be then defined on the selected hypersurfaces just following the original recipe due to Unruh: a 
vacuum defined with respect to the affine parameter of the null geodesies forming the horizon and a 
vacuum with respect to the Schwarzschild Killing vector dt at past null infinity. At a level of two-point 
function, the end point of our construction takes a rather distinguished shape whenever restricted to the 
subalgebra smeared by compactly supported functions, which coincides with the one already noticed in 
|Sw82|,[DK86-87. ,KW91j . Nonetheless, from our perspective, the most difficult technical step will consist 
of the extension of the methods employed in our previous papers, the reason being that the full algebra 
both on the horizon and on null infinity is subject to severe constraints whose origin can be traced back to 
some notable recent achievements by Dafermos and Rodnianski |DR08| . To make things worse, a similar 



3 



problem will appear for the state constructed for the algebra at the null infinity. Nonetheless we shall 
display a way to overcome both potential obstructions and the full procedure will ultimately lead to the 
implementation of a fully mathematically coherent Unruh state, tou for the spacetime under analysis. 
Despite these hard problems, the bright side of the approach, we advocate, lies in the possibility to 
develop a global definition for tou for the spacetime which encompasses the future horizon, the external 
as well as the internal region. Furthermore our approach will be advantageous since it allows to avoid 
most of the technical cumbersomeness, encountered in the earlier approaches, the most remarkable in 
[DK86-87] (see also |Ka85a] ). where the Unruh state was defined via an S-matrix out of the solutions of 
the corresponding field equation of motion in asymptotic Minkowski spacetimes. Alas, the definition was 
established only for the static region and the Hadamard condition was not checked, hence leaving open 
several important physical questions. 

Differently, our boundary-to-bulk construction, as pre-announced, will allow us to make a full use of the 
powerful techniques of microfocal analysis, thus leading to a verification of the Hadamard condition using 
the global microfocal characterisation discovered by Radzikowski [Ra96a[ IRa96bj and fruitfully exploited 
in all the subsequent literature (see also |BFK96| ). Differently from the proofs of the Hadamard property 
presented in |Mo08| and [DMPOQb] here we shall adopt a more indirect procedure, which has the further 
net advantage to avoid potentially complicated issues related to the null geodesies reaching i~ from the 
interior of the Schwarzschild region. The Hadamard property will be first established in the static region 
making use of an extension of the formalism and the results presented in |SVOO| valid for passive states. 
The black hole region together with the future horizon will be finally encompassed by a profitable use 
of the Hormander's propagation of singularity theorem joined with a direct computation of the relevant 
remaining part of wavefront set of the involved distributions, all in view of well-established results of 
microfocal analysis. 

From a mathematical point of view, it is certainly worth acknowledging that the results we present in this 
paper are obtainable thanks to several remarkable achievements presented in a recent series of papers due 
to Dafermos and Rodnianski |DR05[ IDR07[ IDR08[ IDR09| , who discussed in great details the behaviour 
of a solution ip of the Klein-Gordon equation in Schwarzschild spacetime improving a classical result 
of Kay and Wald IKW87j . Particularly we shall benefit from the obtained peeling estimates for ip both 
on the horizons and at null infinity, thus proving the long-standing conjecture known as Price law [DR05] . 

In detail, the paper will be divided as follows. 

In section 2.1, we recall the geometric properties of Schwarzschild spherically symmetric solution of Ein- 
stein's equations. Particularly, we shall introduce, characterise and discuss all the different regions of the 
background which will play a distinguished role in the paper. 

Subsequently, in section 2.2 and 2.3, we shall define the relevant Weyl C*-algebras of observables respec- 
tively in the bulk and in the codimension 1 submanifolds, we are interested in, namely the past horizon 
and null infinity. 

Eventually, in section 2.4, we shall relate bulk and boundary data by means of an certain isometric *- 
homomorphism whose existence will be asserted and, then, discussed in detail. 

Section 3 will be instead devoted to a detailed analysis on the relation between bulk and boundary states. 
Particularly we shall focus on the state defined by Kay and Wald for a (smaller) algebra associated with 
the past horizon !K |KW91j , showing that that state can be extended to the (larger) algebra relevant for 
our purposes. 

The core of our results will be in section 4 where we shall first define the Unruh state and, then, we will 
prove that it fulfils the Hadamard property. Eventually we draw some conclusions. 

Appendix A contains further geometric details on the conformal structure of Schwarzschild spacetime, 
while Appendix C encompasses the proofs of most propositions. At the same time Appendix B is note- 
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worthy because it summarises several different definitions of the KMS condition and their mutual relation 
is briefly sketched. 



1.1 Notation, mathematical conventions 

Throughout, A C B {oy A D B) includes the case A ^ B, moreover R+ = [0, +00), IR+ = (0, +00), 
M_ = (-00,0], Ml = (-00,0) and N = {1,2,...}. For smooth manifolds C°°(^; ^) is the space 

of smooth functions / : .4^ J/ . C^{^\JV") C C°°(^^\jV) is the subspace of compactly-supported 
functions. If x : ^ ,jV is a diffeomorphism, x* is the natural extension to tensor bundles (counter-, 
CO- variant and mixed) from to JV (Appendix C in [Wa84j). A spacetime {^,g) is a Hausdorff, 
second-countable, smooth, four-dimensional connected manifold whose smooth metric has signature 
— h -|--|-. We shall also assume that a spacetime is oriented and time oriented. The symbol Dg denotes 
the standard D'Alembert operator associated with the unique metric, torsion free, affine connection 
V(g) constructed out of the metric g. Og is locally individuated by 9ab^1g-^^\gy We adopt definitions 
and results about causal structures as in |Wa84| IO'N83| , but we take recent results jBS03-05[ IBS06] into 
account, too. If (^,3) and (^',g') are spacetimes and S <Z ^ f] J^' , then J* (5;^) (7^(5';^)) and 
J^{S]^') (1^(5;^')) indicate the causal (resp. chronological) sets generated by S in the spacetime 
^ or respectively. An (anti) symmetric bilinear map over a real vector space cr : 1/ x 1/ — s- R is 
nondegenerate when cr(w, u) = for all u g F entails u = 0. 



2 Quantum Field theories - bulk to boundary relations 
2.1 Schwarzschild-Kruskal spacetime 

In this paper we will be interested in the analysis of a Klein-Gordon scalar massless field theory on 
Schwarzschild spacetime and, therefore, we shall first recall the main geometric properties of the back- 
ground we shall work with. Within this respect, we shall follow section 6.4 of |Wa84] and we will focus on 
the physical region ^ of the full Kruskal manifold ^ (represented in figure 2 in the appendix) , associated 
with a black hole of mass m > 0. 

^ is made of the union of three pairwisely disjoint parts, W ^ ^ and IKet, which we shall proceed 
to describe. According to figure 1 (and figure 2 in the appendix), we individuate W as the (open) 
Schwarzschild wedge, the (open) black hole region is denoted by while their common boundary, 
the event horizon, is indicated by Met,. 

The underlying metric is easily described if we make use of the standard Schwarzschild coordinates 
t,r,6',0, where t G M, r e (rs, +00), (0,0) e ^ whereas t e M, r e (0,r5), (6*, 0) e -^^ 

Within this respect the metric in both W and SS assumes the standard Schwarzschild form: 

/ 2m \ / 2m 
-(1 jdi(g)dt+(l j dr®dr + r'^hs2{e,(j)), (1) 

where hg2 is the standard metric on the unit 2-sphere. Here, per direct inspection, one can recognise 
that the locus r = corresponds to proper metrical singularity of this spacetime, whereas r = rg = 2m 
individuates the apparent singularity on the event horizon. 

It is also convenient to work with the Schwarzschild light or Eddington-Finkelstein coordinates 
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Figure 1: The overall picture represents The regions and ^ respectively correspond to regions 
/ and /// in fig 2. The thick horizontal line denotes the metric singularity at r = 0, E is a spacelike 
Cauchy surface for ^ while E' is a spacelike Cauchy surface for 



|KW91[ IWa94j u, v, 9, cj) which cover W and ^ separately, such that {u, v) G 



e §2 and 



u =: t — r* in W, u = —t — r* in ^ 
V ^ t + r* in W , v = t — r* in 
r 
2m 



2m In 
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A third convenient set of global null coordinates U, V, 9, <j) can be introduced on the whole Kruskal 
spacetime |Wa84] : 

U = -e-''/('*'") , V = e''/('*'") in W, (2) 

U ^ g«/(4m) ^ y ^ g«/(4m) gg ^ (3) 

In this frame, 

w = {{u, y, 61, (/)) e X §2 1 1/ < 0, y > 0} , 

^ EE {([/, V,9,(j))GR^ xS^\UV <l,U,V>0}, 
^ = WuMU^ev= {{U, V,9,(l}) eR^ xE^ \ UV <1,V >0} . 

Each of the three mentioned regions, seen as independent spacetimes, is globally hyperbolic. The event 
horizon of 'W, 'Kev is one of the two horizons we shall consider. The other is the complete past horizon 
of IK which is part of the boundary of ^ in the Kruskal manifold. These horizons are respectively 
individuated by: 

■Kev = {([/, y, 61, 0) e X s2 I ^ ^ 0, y > 0} , J{ = {([/, V,9,(j)) gM? xS'^ \ V = Q,U gM] . 

For future convenience, we decompose into the disjoint union J{ = UCBUIK^ where Jf* are defined 
according to C/ > or C/ < while CB is the bifurcation surface at [/ = 0, i.e., the spacelike 2-sphere 
with radius rg where "K meets the closure of 'Kev 
The metric on ^ (and in the whole Kruskal manifold) takes the form: 



9 ■ 



16m" 



e-^^ {dU di) dV + dV ® dU) + r^hs.2{9,i 



(4) 
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where the apparent Schwarzschild-coordinate singularity on both 3-C and [Ke„ has disappeared. It coincides 
with the radial Schwarzschild coordinate in both W and hence taking the constant value rg on Jfe^UB; 
at the same time, the metric singularity, located at r = 0, corresponds to UV = 1. 

Let us now focus on the Killing vectors structure. Per direct inspection of either ([T]) or ([4]), one realizes 
that there exists a space of Killing vectors generated both by all the complete Killing fields associated 
with the spherical symmetry - for every choice of the polar axis z - and by a further smooth Killing 
field X. It coincides with dt in both 1^ and although it is timelike and complete in the former static 
region, while it is spacelike in the latter. Moreover X becomes light-like and tangent to IK and JCev (as 
well as to the whole completion of JCev in the Kruskal manifold) while it vanishes exactly on 25, giving rise 
to the structure of a bifurcate Killing horizon [KW91j . It is finally useful to remark that the coordinates 
u and V are respectively well defined on both IKe„ and IK^ where it turns out that: 

X — on X — dv on 3-Cev 

To conclude this short digression on the geometry of Kruskal-Schwarzschild spacetime, we notice that, 
by means of a conformal completion procedure, outlined in Appendix [3 one can coherently introduce 
the notion of future and past null infinity 3* . Along the same lines (see again figure 1 and figure 2 in 
the appendix), we also shall refer to the formal points at infinity i^ , i^ , often known as future, past and 
spatial infinity respectively. 



2.2 The Algebra of field observables of the spacetime 

We are interested in the quantisation of the free massless scalar field ip [KW91|, IWa94j on the globally 
hyperbolic spacetime {^,g). The real field ip is supposed to be smooth and to satisfy the massless 
Klein-Gordon equation in {,yV ,g): 



Pg^^O, Pg^^Og + ^Rg- (5) 



Since we would like to use conformal techniques, we have made explicit the conformal coupling with 
the metric, even if it has no net effect for the case ^ = since the curvature Rg vanishes therein. 
Nonetheless, this allows us to make a profitable use of the discussion in Appendix [XI when yy — ^ and 
^ D ^ . Here ^ stands for the conformal extension (see also figure 2 in the appendix) of the previously 
introduced physical part of Kruskal spacetime equipped with the metric g which coincides with gjr"^ 
in ^ . In such case, if the smooth real function ^ solves the Klein-Gordon equation in ^ (where now 
Rg ^ 0): 

Pg^ =0, Pg^ -Ug + ^-Rg , (6) 

V = f solves ([U in 

Generally we shall focus our attention to the class S{,A') of real smooth solutions of fS]) which have com- 
pact support when restricted on a (and thus on every) spacelike smooth Cauchy surface of a globally hy- 
perbolic spacetime (^, g). This real vector space becomes a symplectic one (S(,yK), a ^y) when equipped 
with the non-degenerate, S-independent, symplectic form KW91[ IWa94i IBGP96J . for (pi,(p2 & S(^), 



(7) 



Here I].yK is any spacelike smooth Cauchy surface of ^ with the metric induced measure /ig(S ^) and 
future-directed normal unit vector n. 
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Furthermore, for any J/' C such that (^',(7['^') is globally hyperbolic, the following inclusion of 
symplectic subspaces holds 

(S(^'),f^.^')c(S(^),a^). 

Such statement can be proved out of both ([7]) and the independence from the used smooth spacelike 
Cauchy surface. To this avail, it is crucial that every compact portion of a spacelike Cauchy surface of 
jV' can be viewed as that of a second smooth spacelike, hence acausal, Cauchy surface of ^ as shown 
in |BS06j (though, for acausality, one should also refer to Lemma 42 in Chap. 14 of |0'N83| V 

The quantisation procedure within the algebraic approach goes along the guidelines given in [KW91[ 
IWa94] as follows: the elementary observables associated with the field (/? are the (self-adjoint) elements 
of the Weyl (C*-) algebra W(S(^)) [HaMl IBR022[ IKW91[ IWa94| whose generators will be denoted 
by W^{ip), (fi e S(o/K), as discussed in the Appendix IB] 

In order to interpret the elements in W{S{yV)) as local observables smeared with functions of C^(^; M), 
we introduce some further technology. Generally, globally hyperbolicity of the underlying spacetime, as 
in the case of {^,g), entails the existence of the causal propagator, Ep^ : Ap^ — Rp^ : C^(^;R) 
S(^) associated to Pg and defined as the difference of the advanced and retarded fundamental solu- 
tion |Wa94[ IBGP96] . Furthermore Ep^ : C^(^;R) S(^) is linear, surjective with KerEp^ = 
Pg{C^{-yV;M.)) and it is continuous with respect to the natural topologies of both C^(^;M) and 
C°°{-yV;M.). Finally, given ip S S(^) and any open neighbourhood yf^' of any fixed smooth space- 
like Cauchy surface of ^/K, there exists G (yf^' ;M) with Ep^f^ = -if). Consequently, supp ?/> C 
J+ {supp ; ^) U J~ (supp ; .yV) . 

The standard Hilbert space picture, where the generators W^{Ep^f) are interpreted as exponentials 
of standard field operators, e'**-^-*, can be introduced in the GNS representation^ {^un^un^ ^1)1 of any 
fixed algebraic state uj : W(S(^)) C |Ha92l IWa94j . such that the unitary one-parameter group 
M 9 t I— > {W^ {tEyy f)) is strongly continuous. The field operators $cj(/) which arise as the 
self-adjoint generators of those unitary one-parameter groups, {Wy^{Ej/tf)) — exp{it$^(/)}, enjoy 
all the standard properties of usual quantisation procedure of Klein-Gordon scalar field based on CCR 
|KW91l IWa94| . A different but equivalent dcfinit ion is presented in the Appendix |B] A physically 
important point, which would deserve particular attention, is the choice of physically meaningful states, 
but we shall just come back later to such issue. 

2.3 Algebras on J{ and 

Let us consider the case ,yV — ^ , the latter being the physical part of Kruskal spacetime beforehand 
introduced. The null 3-surfaces "K, 3^ , as well as, with a certain difference, 'Kev and 'K^ , can be equipped 
with a Weyl algebra of observables along the guidelines given in I DMP09a] and references therein. These 
play a central role in defining physically interesting states for W(S(^)) in the bulk. To keep the paper 
sufficiently self-contained, we briefly sketch the construction. Let be any 3-submanifold of a spacetime 
- either (^, g) or its conformal completion (^, g) whose metric, when restricted to [N', takes the 
complete Bondi form: 

cyi{~d^®di-dt(g>d^ + hf!,2{d,(j3)) (8) 

where cj^ is a non vanishing constant, while (^, 57, 0, 0) defines a coordinate patch in a neighbourhood of 
seen as the locus i7 = though such that dil 0. Out of this last condition we select £ e M as a 
complete parameter along the integral lines of (dil)" and, in view of the given hypotheses, [N' turns out 
to be a null embedded codimension 1-submanifold diffeomorphic to M x §^0 It is possible to construct 

^In IDMP061 IM0O6I IM0O8I fDMPOQal it was, more strongly, assumed and used the geodetically complete Bondi form 

of the metric, i.e., the integral lines of (dQ)'^ forming 'N are complete null geodesies with ^ £ M as an afSne parameter. It 
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a symplectic space (S(INr), cr^^), where S(!N') is a real linear space of smooth real- valued functions on 
which includes (N; R) and such that the right-hand side of 




(9) 



can be interpreted in the sense of L^(M x S'^;d£ A dS^), where dS^ is the standard volume form on S^. 
Similarly to what it has been done in the bulk, since the only structure of symplectic space is necessary, 
one may define the Weyl algebra W(S([N')), since the assumption that (7^(7^; R) C S^N) entails that (Tj{ 
is non-degenerate, hence W(S(7^)) is well-defined. 

An interpretation of aj^ can be given thinking of ijjjip' as boundary values of fields (p,(p' G S(^). The 
right hand side of ([9]) can then be seen as the integral over of the 3-form ip'] associated with 



where Cabcd is totally antisymmetric with £1234 — 1 and where ip = tw, "0' = 'p' Furthermore, in 
order to give a sense to the integration of ri[ip, (p'] over INf, we assume that IN' is positively oriented with 
respect to its future-directed normal vector. The crucial observation is now that, integrating ri[ip, if'] 
over a spacelike Cauchy surface E C J^, one gets exactly the standard symplectic form a^{(p, ip') in ^ 
(or that appropriate for the globally hyperbolic spacetime containing N). In view of the validity of the 
Klein-Gordon equation both for (p and (p' , the form r][ip, cp'] satisfies dri[p, p'] — 0. Therefore one expects 
that, as a consequence of Stokes-Poincare theorem it can happen that a^{p,(p') = aj^{p\j^,ip' If 
this result is valid, it implies the existence of an identification of W(S(^)) (or some relevant sub algebra) 
and 'W(S(3Nf)). This is nothing but the idea we want to implement shortly with some generalisations. 

In the present case we shall consider the following manifolds 3Nf equipped with the Bondi metric and 
thus the associated symplectic spaces (S(7^), crj^): 

(a) !K with £ ^ U where cjv = being the Schwarzschild radius, 

(b) 9^ with ^ = u or, respectively, £ = v where cj^ = 1. 

In the cases (b), the metric restricted to ?sf with Bondi form is the conformally rescaled and extended 
Kruskal metric g, with g\^— g/r'^, defined in the conformal completion ./# of .y#, as discussed in the 
Appendix [A] 

It is worth stressing that £ in Eq. ([9]) can be replaced, without affecting the left-hand side of (l9|), by any 
other coordinate £' — f{£), where / : M ^ (a, 6) C ffi. is any smooth diffeomorphism. This allows us to 
consider the further case of symplectic spaces (S(7^), crj^) where is: 

(c) with £ = u and cj^ = r|, 

independently from the fact that, in the considered coordinates, the metric g over does not take the 
Bondi form. 

2.4 Injective isometric *-homomorphism between the Weyl algebras 

To conclude this section, as promised in the introduction, we establish the existence of some injective 
(isometric) *-homomorphisms which map the Weyl algebras in the bulk into Weyl subalgebras defined on 
appropriate subsets of the piecewise smooth null 3-surfaces 5~ U !K. To this end we have to specify the 
definition of S(IK), S(IK^) and S(9*). From now on, referring to the definition of the preferred coordinate 

happens if and only if, in the considered coordinates, dngu\l^= for all £ £ R and (4>,d) £ This stronger requirement 
holds here for 3-C and . 



•p.ip' G s(jr) 



ip'] = - (^V V - p'Vp') V^eabcddx^ A dx^ A dx" , 



(10) 



9 



(, as pointed out in the above-mentioned list and with the identification of !H, 'Kevi and 9^ with 
K X §^ as appropriate: 



33M^ > 1, Cv,, C; > with \^{t, 0, 0)1 < 



In 1^1 



< if l^l>M^,(^,'^)e§'j , (11) 

where £ — U on J{, and 

5(3?=^) = {?A e C°°(R X R) I ^(^) = in a neighbourhood of and 33C^,C'^ > with 

|V'(^,e»| < , < (i?,0,0)eMxs4 , (12) 



where ^ = u on 5+ or ^ = u on 3^, and, finally, 



1 



5{:Kev) , S(J{=^) ^ e C°°(R x S^; M) | = in a neighbourhood of S and 33C^,C'^ > with 

|V(^,0,0)| < . I<9^V'(^,^»I < (^,0,0) eRxS^I , (13) 

where = w on Jfg^ and ^ = m on . 

It is a trivial task to verify that the above defined sets are real vector spaces; they include C^(R x S'^; R) 
and, if ip belongs to one of them, ipdi^/j G L^(M x S^,d£ A dS^) as requested. Furthermore the above 
definitions rely upon the fact that the restrictions of the wavefunctions of S(^) to the relevant boundaries 
of ^ satisfy the fall-off conditions in (fTTI) , (fT^ , (fT5|) while approaching , a fact which will shortly play 
a crucial role. 

To go on, notice that, given two real symplectic spaces (with nondegenerate symplectic forms) (Si,f7i) 
and (S2, (T2), we can define the direct sum of them, as the real symplectic space (Si ® Si, (Ti © CT2), where 
the nondegenerate symplectic form a\® 02 : (Si ® S2) x (Si © S2) ^ R is 

ox © fT2((/,.g), (/',<?')) - 'Ti(/,/') +^2(.9,g') , for aU /, /' e Si and 3,5' e S2. (14) 

If we focus on the Weyl algebras W(Si), W(S2), W(Si © S2), it is natural to identify the C*-algebra 
W(Si © S2) with W(Si) ® W(S2) providing, in this way, the algebraic tensor product of the two C*- 
algebras with a natural C*-norm (there is no canonical C*-norm for the tensor product of two generic 
C*-algebras). This identification is such that WsieS2((/i, f-if) corresponds to Wsi(/i) ® Ws^i^fq) for all 
/i e Si and /2 e S2. 

We are now in place to state and to prove the main theorems of this section, making profitable use 
of the results achieved in [DR09j . Most notably, we are going to show that W(S(^)) is isomorphic 
to a sub C*-algebra of W(S(J{)) ® 'W(S(3~)). As a starting point, let us notice that, if Lp and ^p' are 
solutions of the Klein-Gordon equation with compact support on any spacelike Cauchy surface E of 
the value of (t^((/3, </?') is independent on the used S and, therefore, we can deform it preserving the value 
of aj({kp, ip'). A tricky issue arises if one performs a limit deformation where the final surface tends to 
"K U 5~ since 

o'^('/',¥'') = ((y'Mjy'M) (V'a-,<^Q.-) , (15) 

where the arguments of the symplectic forms in the right-hand side (which turns out to belong to the 
appropriate spaces pT|) . ([T^ ) are obtained either as restrictions to "K or as (suitably rescaled) limit values 
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towards 9~ of both ip and ip' . As the map ip ^ {'^•k, Vq- ) is linear and the sum of the above symplectic 
forms is the symplectic form ct on S = S(!K) © S(3~), this entails that we have built up a symplectomor- 
phism from S(^) to S, ip t-^ {f^K, <^a-) which must be injective. In view of known theorems [BR022| . 
this entails the existence of an isometric *-homomorphism i : W(S(^)) W(S(3i)) (g) W(S(5~)). Our 
goal now is to formally state and to prove the result displayed in (fT5|) . 

Theorem 2.1. For every (p G S (./#), let us define 

(pcj- = lim r(p , and (p-K ^ 'P> \'K ■ 

Then the following facts hold. 

(a) The linear map 

r : S(^) 9 9? 1-^ (i^Q- , (p^k) , 

is an injective symplectomorphism o/S(./#) into S(3^) ® S(J{) equipped with the symplectic form, such 
that, for ip, ip' g S(^).' 

0'^(<y5,¥'') = ctq- ("^s- , ) + o-Qm (<PM,'/5m) ■ (16) 

(b) There exists a corresponding injective isometric ^-homomorphism 

I : 'W(S(^)H W(S(3-)) ® W(S(?{)) , 
which is unambiguously individuated by 

« {W^{ip)) = H/Q- {ip<:s- )®W^{ip^). 

Proof. Let us start from point (a), li ip ^ S(^), we can think of it as a restriction to ^ of a solution 
If' of the Klein-Gordon equation in the whole Kruskal manifold. To this end one should also notice that 
the initial data of on a spacelike Cauchy surface of ^ can also be seen as initial data on a spacelike 
Cauchy surface of the whole Kruskal manifold. This is a direct application of the results in BS06 and 
|0'N83j . Therefore ip-K = ip' fjc is well-defined and smooth. Similarly, the functions 1^93.- = lim^g,- rip 
are well defined, smooth and vanish in a neighbourhood of the relevant i^ in view of the following lemma 
whose proof is sketched in the Appendix [C] 

Lemma 2.1. If ip e S(^), rip uniquely extends to a smooth function ip defined in ^joined with open 
neighbourhoods of^^ and 3^ included in the conformal extension .M of discussed in the AvvendixV^ 
Furthermore, there are constants v''^\u^^^ G (—00,00) such that ip vanishes in W if u < u'^^\v > v^^'^ 
and thus, per continuity, it vanishes in the corresponding limit regions on 3+ U 3~ . 

Since the map F is linear by construction, it remains to prove that (i) p'K G S(!K) and 933.* £ S(3^) as 
defined in (fTT|) and (fT2|) . and that (ii) F preserves the symplectic forms, i.e., 

Cr.^{(pi,'P2) = 0-S(M)eS(9-) {T'Pl,Tp>2) ■ (17) 

Notice that, since is nondegenerate, the above identity implies that the linear map F is injective. Let 
us tackle point (i): since the behaviour of cp^- in a neighbourhood of i° is harmless, we only need to 
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establish the vanishing of both ip^ and ipQ- as they approach i~ , with a peehng-ofF rate consistent with 
that of definitions pT|) and . Such a result is a consequence of the following proposition whose proof, 
in Appendix [Cl enjoys a lot from [DR09j . 

Proposition 2.1. Let us fix R > rs, then the following facts hold: 

(a) If (fi E S(^) and (p extends rip across 3* as stated in Lemma \2.1l there exist constants Ci, C2 > 
depending on both ip and C3, C4 depending on ip and R, such that the following pointwise bounds hold in 
both W U 3<ev and WU^K': 



anrf, respectively, 



Similarly, if one assumes also r > R and t > (including the points on ), 



m<^==, \xm<-^ (20) 

or, if r > R but t < (including the points on "^s^ ), 

X is the smooth Killing vector field on the conformally extended Kruskal spacetime with X = dt in W , 
X = on "Kev , X ~ du on , X ~ du on 3+ and X ^ dy on 3^ . 

(b) If the Cauchy data (vts, V„(/3('x;) on S ^ of ip tend to in the sense of the test function (product) 
topology on C^(I];K), then the associated constants Ci tend to 0, for i = 1,3. 

// the Cauchy data ((p' ts, V^^?' fs) on S ^ .J(f of ip' == X{p) tend to in the sense of the test function 
(product) topology on C(^{T.;M.), then the associated constants Ci tend to 0, for i — 2,4. 



It is noteworthy to emphasise that, during the final stages of the realization of this paper, a new 
result on the peeling-off behaviour of the solutions of the wave equation in Schwarzschild black-hole was 
made public |Luk09| . Particularly the decay rate on the horizon has been improved; nonetheless, to our 
purposes, the original one obtained by Dafermos and Rodnianski suffice. 

Since ip and ip are smooth, X(ip) — 9„y) on 5f~ and X(ip) — d^p on 3^, it comes out, per direct 
inspection, that ip'ji e S(IK) and (p<^~ G S(Q~) since the definitions pT|) and are fulfilled, for £ — U 
and £ = V respectively; furthermore, in view of the last statement of the above proposition, it holds 

ip^+ e S(3+). 

In order to conclude, let us finally prove item (ii), that is (fT7|) . making use once more of Proposition [2TlJ 
Let us consider ip, ip' £ S(^) and a spacelike Cauchy surface of ^ so that, 

a^{p,ip')^ / {^p'S/n'P - 'P'^n'f') dfJ.g{T,^), 

where n is the unit normal to the surface S ^ and ^g{Y,^) is the metric induced measure on and, 
in the following, we shall write d^g in place of d^,g{Y,^) and S in place of . Since both Lp and Lp' 
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vanish for sufficiently large U, we can use the surface S, defined as the locus < = in W , and, out of the 
Poincare theorem (employing the 3- form 77 as discussed in Sec. 12.31) . we can write 

a^iip,ip')^ [ ip'Xiip)~ipX{ip')dtXg + rl [ {ip'duip-ipduip')dU Ads'", (21) 

where we have used the fact that 23 n S has measure zero. We shall prove that, if one restricts the 
integration to W , 

ip'X{(p)^(pX{ip')dfig^rl [ {ip'dutp" 'pdu'p')dU /\dS^ 



+ 



[ip'd^^ - Ipdyip'^ du A . (22) 



Since, with the same procedure, one gets an analogous statement for the portion of the initial integration 
taken in W , though with the integration in dU extended over R~ and the remaining one on 3^, this will 
conclude the proof. 

In order to prove the identity ([22|l . we notice at first that: 



^p'X{(p) - ipX{ip')dng 



{^'X{^) - vX{^')) 



dr Ad§'^{9,(t>) 

(t=o,r,e,4>) 



[rs, +oo)xS2 l-2m/r 
Afterwards, we break the integral on the right-hand side into two pieces with respect to the coordinate 



H {^'Xi^)~^Xi^')) 



dr A dS^ 

{t=0,r,e,<f>) 



[rs,+oo)xS2 l-2m/r 

(ip'Xi^) - </'X(^'))l(t=o.r.,«,0) dr* A dS^ 

{rip'X{rip) - r(p^(V))l(t=o,r-,s,0) dr* A dE 



'[fl', + Oo)xS2 

We started assuming S as the surface i = in pT|) : however, the value of t is immaterial, since we can 
work, with a different surface Et obtained by evolving S along the flux of the Killing vector X. We remind 
that X ~ dt in W and X — exactly on !B, which, as a consequence, is a fixed submanifold of the flux. 
Furthermore we also know that the symplectic form a^{(p, ip') is constructed in such a way that its value 
does not change varying t, by construction. Since 23 is fixed under the flux of X, per direct application 
of Stokes-Poincare theorem, one sees that this invariance holds also for the integration restricted to z^. 
In other words, for every t > 0: 

^'X{^) - ^X{^')d^ig - / ^'X{^) ~ ^X{^')dfig ^ f {^'X{^) - <^X(^'))l(t „-t 4v A (iS2 



xS' 



^'X(^) - ^X{^') 



du A d^^ 



where we have also changed the variables of integration from r* cither to w = i + r* or to u = i — r* 
Hence 



2 , 



^'X(^)-^X(^')rfA*5= lim / r-'WX{^)-^X{ip% duK 



dS^ 



lim 

t — *— 00 



(ip'X{ip) - lpX{ip')) dvAdS^. (23) 
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The former limit should give rise to an integral over whereas the latter to an analogous one over 
Let us examine them separately and we start from the latter. 
To start with we notice that, in view of (a) in Lemma |2.1[ the integration in v can be performed in 
(—00, Wo] for some constant vq G M, without affecting the integral for every t < 0. Therefore 



lim 

t — *— 00 



lim 

t — ^ — oc 



( — oo,i;o] xS^ 



dv A 

{t,v-t,9,<l>) 



dv A dS^ 

{t,v-t,0,tp) 



In view of the uniform bounds, associated with the constants C3 and C4, given by w-integrable functions 
in (00, Wo] J as stated in Proposition 12. 11 we can now apply Lebesgue's dominated convergence theorem to 
the limit in the right-hand side: 

lim / (^'X{if) - ifX{<^')) dv A = / (^'dy^ ~ ^dy^') dv A dS^ , (24) 

/„^g2V / (t.v-t.9.d>] /c>- V / 



Let us now consider the remaining integral on the right-hand side of ((23|) . To this end, let us fix 
Mo G M and the following decomposition 



XS2 



Here we have used the initial expression for the first integral, which is performed over the compact subre- 
gion E("°-* of St n which contains the points with null coordinate U included in [— exp{— ^0/(4^1)}, 0]. 
It is noteworthy that such integral is indeed the one of the smooth 3- form 77 = ri[(p, (p'] defined in (fTO| 
and, furthermore, in view of Klein-Gordon equation, dj] = 0. Thus, by means of an appropriate use of 
the Stokes-Poincare theorem, this integral can be re-written as an integral of rj over two regions. The 
first is a compact subregion of JC"*" which can be constructed as the points with coordinate U G [Uo,0], 
where Uq = —6^"°/^^™^; the second, instead is the compact null 3-surface S[^°'' formed by the points in 
^ with U = Uo and lying between and "K^ . To summarise: 

v'Xiif) - ipX{(p')dng = ?7 + / 77 . 

J^-n{Uo<u<a} Jsr"' 

If we adopt coordinates U, V, 9, (f>, the direct evaluation of the first integral on the right-hand side produces: 



ip'X{(p) - (pX{(p')dfig ^rl {(p'du(p- (pdu(p')dU Ad§^ + 77 

s<"o' J:H-n{Uo<u<o} Js<"o' 

We have obtained 

hin^ [ {v'X{ip) - vX{v'))\(t.t~u,0,4.)d'^ ^ "^^^ = + , , (^'^^"^ " '^^^'^'^ '^^ ^ '^^ 

lim 



*-*"°°jRxS2 ' J:K+n{Uo<u<o} 



ry+ lim / {^'X{^) - ^X{^'))\^,^,_^^,^^^du A dS\ (25) 
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If we perform the hmit as t — > ~oo, one has /„(iio) — ^ 0, because it is the integral of a smooth form over 
a vanishing surface (as t —>■ — oo), whereas 

lim / r2 (ifi'Xiifi) - ipX{ip'))\,^ g , du A = / - du A dS^ 

M-n{;7o>t/} 

where we stress that the final integrals are evaluated over Jf~ and we have used again Lebesgue's domi- 
nated convergence theorem thanks to the estimates associated with the constants Ci and C2 in Proposition 
12.11 Inserting the achieved results in the right-hand side of we find that: 

^ hrn^^ 7-2 (^'X(^) - ipX{^'))\^^^^_^ g Ju A ^rl {^'du^ - ^du^') dU A dSl. . 

Such identity, brought in ([23]) . yields, together with ([24|). ([22l) . hence concluding the proof of (a). 
Item (b) can be proved as follows. In the following S = S(!K) ® 5(3") and a is the natural symplectic 
form on such space. Let us consider the closure of the sub *-algebra generated by all the generators 
Ws(ri^) e W(S) for all ip e S(./#). This is still a C*-algebra which, in turn, defines a realization of 
W(S(^)) because F is an isomorphism of the symplectic space (S(^),cr^) onto the symplectic space 
(r(S(^)), tT['r(S(.^))xr(S(.-#)))- As a consequence of Theorem 5.2.8 in jBR022| . there is a ^-isomorphism, 
hence isometric, between W{S{^)) and the other, just found, realization of the same Weyl algebra, 
unambiguously individuated by the requirement i^{W^){ip) = Ws{Tip). This isometric *-isomorphism 
individuates an injective *-homomorphism of W(S(^)) into W(S, a) = W(S(J{)) (g) W(S(Q'~)). □ 

As a byproduct and a straightforward generalisation, the proof of the above theorem also establishes the 
following: 

Theorem 2.2. With the same definitions as in Theorem \ 2.1\ and defining, for ip G i^-k- = 

lim^j^- if and Lp^^^ = lim^j<_,^ Lp, the linear maps 

r_ : S{W) 3ip^ ((^5^-, (^s-) e S{^-) © S(5-) , r+ : SiW) 3ip^ ((pM„,<^Q+) e S(J{e.) © S(3+) 

are well-defined injective symplectomorphisms. As a consequence, there exists two corresponding injective 
isometric *-homomorphisms: 

I- : W(S(yr)) -> W(S(M-)) ® W(S(5-)) , z+ : W(S(#')) ^ W(S(J{e.)) ® W(S(9+)) , 

which are respectively unambiguously individuated by the requirements for p G S{W) 



Before the conclusion of the present section, we would like to stress that a result similar to the one 
presented in Theorem 12.11 and in Theorem 12.21 can be obtained for the algebra of observables defined 
on the whole Kruskal extension J(f of the Schwarzschild spacetime. In such case, an injective isometric 
*-homomorphisms i,x : W(S(jr)) W(S(3?J)) ® W(S(5{)) ® W(S(3-)) can be constructed out of 
the projection T^xr ■ S{J(^) 3 (p t-^ {pcj+ , p^, (pQ-) £ S(3j) © S(^K) © S(3^) from the requirement 

* JT (WOr (</')) = W^9.+ ^¥'0.+ ^ ® M/jf (v'm) ® Wq- {p<i- ) where 5j stands for the future null infinity of the 
left Schwarzschild wedge in the Kruskal spacetime J^. 
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3 Interplay of bulk states and boundary states. 



3.1 Bulk states induced form boundary states by means of the pullback of i 
and 2 

In this section we construct the mathematical technology to induce algebraic states (see Appendix |BJ 
on the algebras W(S(^)) and 'W(S(y^)) from those defined, respectively, on W(S(Jf)) (g) W(S(9~)) and 
W(S(J{~)) (8) W(S(3~)). A bit improperly, we shall call bulk states those with respect to W(S(^)) 
and on the other subalgebra defined above while boundary states will be called those on W(S(J{)) ® 
W(S(S~)). To this end, the main tools are Theorem 12.11 and 12.21 

Let us consider the case of W(S(./#)) as an example. If the linear functional oj : W(S(IK))(8)W(S(Q^ )) C 
is an algebraic state, the isometric *-homomorphism i constructed in Theorem 12.11 gives rise to lo^ : 
W(S(^)) ^ C defined as 

== 1 where (i*(ti>)) (a) = oj (i(a)) , for every a € W(S(.y#)). (26) 

A similar conclusion can be drawn using i~ for the corresponding algebra. The situation will now be 
specialised to quasifree states and, as discussed in Appendix iBl one of these can be unambiguously defined 
on W(S(J{)) (g) W(S(9-)), just requiring that 

(l^Mua- W) = e-^'^^'^'^/^ , for all ^ e S(5f) S(3-) , 

where fi : (S(^K) © S(3^)) x (S(!K) © S(9~)) ^ R is a real scalar product satisfying ([6T|) . Furthermore 
the "quasi- free" -property is stable under pull-back, i.e., if (|26p is quasifree, then lu^ is such. Therefore, 
we can simply turn our attention to quasifree states defined on the boundaries W(S(3''')), W(S(J{)), and 
on the possible composition of such states in view of the following proposition. 

Proposition 3.1. Let (Si,f7i), {S2,o^2) be symplectic spaces and lo\, lo2 he two quasifree algebraic 
states on W(Si, <7i) and W(S2, (72), induced respectively by the real scalar products /Lti : Si x Si ^ R and 
;(i2 : S2 X S2 ^ R. Then the scalar product fii (B ^J.2 ■ (Si © S2) x (Si © S2) R defined by: 

AiSiffiS2((V'i,V'2), (-01, "02)) = V'l) + m{ip2,ip2) , for all (l/'l,l/'2), (-01, 02) G Si © S2 , 

uniquely individuates a quasifree state uji (g) 102 on W(Si) W(S2) as 

wi (8) W2 (Wsi(0i) ® Ws,i^2)) = e-^i®^^«^i'^^)'(^i''^^»/2 , for all (V'i,V'2) € Si © S2 . 

Proof. Only the validity of (|6T|l for fii © fj,2 has to be proved with respect to cti © a2 defined in (fT4|) . This 
fact immediately follows from the definition of /ii © fj,2 and making use of (2) in remark [B. II □ 

We can iterate the procedure in order to consider the composition of three (or more) states on corre- 
sponding three (or more) Weyl algebras. Hence, in view of the established proposition we may study 
separately the quasifree states on the Weyl algebras "W(S(IN')) associated to the null surfaces (a)-(c) 
listed in Sec. 12.31 

3.2 The Kay-Wald quasifree state on W(:K) 

We remind the reader that, if /i individuates a quasifree state over W(S,(7), its two-point function is 

defined as A^('0i,V'2) = m(V'1j'02) — fo'('0i, V'2) (see Appendix [B)) . When one focuses on the one-particle 
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space structure (if^, H^) (see Appendix [B|) one has A^(^i,'02) = {K^tpi,K^tp2) ^i, where (-j-)^ is the 
scalar product in H^. The two-point function of a quasifree state on a given Weyl algebra brings in the 
same information as the scalar product fi itself since the symplectic form is known a priori; thus the 
two-point function individuates the state completely. 

In jKW91| . some properties are discussed for a particular state on W(S(,y^)), where J(f is the whole 
Kruskal extension of the Schwarzschild spacetime. If existent, such state was proved to be unique with 
respect to certain algebras of observables and to satisfy the KMS property when one works on a suitable 
algebra of observables in W . From a physical perspective, this is nothing but the celebrated Hartle- 
Hawking state when the background is the whole Kruskal spacetime. It is important to remark that, in 
[KW91| . general globally-hyperbolic spacetimes with bifurcate Killing horizon are considered, whereas 
our work only focuses on ^ . As an intermediate step, Kay and Wald also showed that the two-point 
function Xkw of the state has a very particular form when restricted to the horizon J{, more precisely 

Xkw{^i-,<P2) ^ hm — ^ / — dUiAdU2AdS . (27) 

provided that (pi \^,(f2 C5^(IR. x S-^;M). It is important to stress that the above expression is valid 
when ifi \^ and ip2 \:h have compact support on IK. Actually, the same two-point function was already 
found both in |Sw82j . while discussing the physical consequences of the Bisognano-Wichmann theorem, 
and in |DK86-87] . while analysing the various states in the right Schwarzschild wedge W of the Kruskal 
manifold with an S -matrix point of view. In the latter paper the two-point function in (I27p was referred 
to the Killing horizon in the two-dimensional Minkowski spacetime rather than Kruskal one. In such a 
case there are smooth solutions of the Klein-Gordon equation, for m > 0, and with compactly supported 
Cauchy data, which intersect the horizon in a compact set. These solutions of the characteristic Cauchy 
problem can be used in the right-hand side of (I27p when the discussion is referred to Minkowski spacetime 
instead of the Kruskal one. These "Minkowskian solutions" , at least in the case m = where asymptotic 
completeness was proved to hold, are related to the corresponding solutions {i.e., (^2) in Schwarzschild 
spacetime by means of a relevant M0ller operator. Unfortunately, in the proper Schwarzschild space, the 
wavefunctions tpi and (p2 with compact support on IK fail to be smooth in general, since they are weak 
solutions of the characteristic problem |DK86-87) . hence they do not belong to the space S{J(f) in general, 
making difficult the direct use of Xkw- This is a potential issue in jKW91] which has minor consequences 
for the validity of the KMS property discussed below (see also the Note added in proof in [KW91j for 
more details). 

We shall now prove that, actually, such form of the two-point function can be extended in order to work 
on elements of S(IK) and, with this extension, it defines a quasifree state on "1^(5(3^)). This result is by 
no means trivial, because the space 5 (IK) contains the restrictions to the horizon of the various elements 
of S(,^), that is all the smooth wavefunctions with compact support on spacelike Cauchy surfaces. Our 
result, which is valid for the particular case of the Kruskal spacetime and for m = 0, is obtained thanks 
to the achievements recently presented in jDR09| . At the same time the space S(IK) is just the one used 
in the hypotheses of theorem 12.11 which assures the existence of the *-homomorphism i. As remarked 
at the end of the previous section, the procedure can be generalised in order to individuate an injective 
*-homomorphism from the algebra of observables on the whole Kruskal space to the algebras on 3 J , IK 
and 9-, that is ijr : W(S(jr)) ^ W(S(3+)) W(S(IK)) ® W(S(3-)). Therefore, the state on S[.J€) 
could be used, together with a couple of states on W(3^) and on W(3j) to induce a further one on the 
whole algebra of observables W(S(J^)). This should provide an existence theorem for the Hartle-Hawking 
state on the whole Kruskal manifold J(f . However we shall not attempt to give such an existence proof 
here and we rather focus attention on another physically interesting state, the so called Unruh vacuum 
defined only in the submanifold ^ . Nevertheless, even in this case we have to tackle the problem of the 
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extension of the two-point function l[77|) to the whole space S(?{). We shall prove the existence of such 
an extension that individuates, moreover, a pure quasifree state on W(S(J{)), and which turns out to be 
KMS at inverse Hawking's temperature when restricting on a half horizon W(S(J{*)) with respect to the 
Killing displacements given by Xf^. The way we follow goes on through several steps. As a first step we 
introduce a relevant Hilbert space which we show later to be the one-particle space of the quasifree state 
we wish to define on W{S{3{)). The proof of the following proposition is in Appendix [Cl From now on. 



indicates the [/-Fourier transform of -0, also in the (Fourier-Plancherel) sense or even in distributional 
sense if appropriate. For all practical purposes, the properties are essentially the same as for the standard 
Fourier transforn{^. 



Proposition 3.2. Let (C^(J{; C), Xkw) be the Hilbert completion of the complex vector space C^(IK; ( 
equipped with the Hermitian scalar product: 



£^0+ TT JkxRxS^ [Ui -U2- ley 

where J{ = K x adopting the coordinate {U, 9, (j)) over 3-C. Denote by ^+ = -^(jp) \{k>o,s,^gS^} the 
restriction to positive values of K of the U -Fourier transform ofip€ C^{!K; C). The following facts hold. 
(a) The linear map 

C^(J{; C) 9 V ^+{K, 9, <t>) e X §^,2KdK A r|d§2) ^ |_|^ 

is isometric and uniquely extends, by linearity and continuity, to a Hilbert space isomorphism of 



(b) // one switches to R in place of C 



Fiu) (Co-(:K;R)) = Hm 



As a second step we should prove that there is a natural way to densely embed S(3i) into the Hilbert 
space {C^ {%;C), Xkw), that is into H^, as the definition of quasifree state requires. However, this is 
rather delicate because the most straightforward way, computing the [/-Fourier transform of € S{!K) 
and checking that it belongs to x 2KdK A r|dS^) = H^, does not work. The ultimate reason 

lies in the too slow decay of -0 as \U\ — > -foo obtained in [DR09] and embodied in the definition of S(IK) 
itself. As a matter of fact, the idea we intend to exploit is, first, to decompose every -0 G S(J{) as a sum of 
three functions, one compactly supported and the remaining ones supported in J{+ and respectively 
and, then, to consider each function separately. The following proposition, whose proof is in Appendix [Cl 
analyses the features of the last two functions. It also introduces some results, which will be very useful 
later when dealing with the KMS property of the state Xkw- 

In the following H^{'K^)u are the Sobolev spaces of the functions -0 : M x §^ C, referred to the 

■^For some general properties, see Appendix C of [M0O8) with the caveat that, in this cited paper, ^ was indicated by 
and the angular coordinates {0, <j)) on the sphere were substituted by the complex ones (2, z) obtained out of stereographic 
projection. 
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coordinate {u, , (j)) G R x B'^ on which lie in L^(R x du A dS^) together with their first (distri- 
butional) u derivative. If one follows the same proof as that valid for C^{M.;C) and H^{K.) along the 
line of Theorem VIII. 6 in [BR87j (employing sequences of regularising functions which are constant in 
the angular variables), one establishes that C^(Jf^;C) is dense in i7^(!K*)„. Every ip G S(!K*) is an 
element of H^{3i^)u as it follows immediately from the definition of S(J{*). 

Proposition 3.3. The following facts hold, where u = 2rs\Ti{U) € M and u = — 2rsln(— t/) € M are 
the natural global coordinate covering J{+ and 1K~, respectively, while fJ-{k) is the positive measure on R; 

du.(k) = 2r|^5 r ^ j-dk . 



(a) If = {■^{^)){k, 9, (f>) — Tpik, 0, (j)) denotes the u-Fourier transform of either ip £ (7^(5^"*"; C) or 
ip G C^{'K^;C) the maps 

Co°°(M=^; C) 9 V ^ ^ e i^(K X S^, dn{k) A dS'^) 

are isometric when C^{'K^;C) is equipped with the scalar product Xkw ■ It uniquely extends, per conti- 
nuity, to the Hilbert space isomorphisms: 

J^/^' : Co°°(JC±;C) ^ L^{M. x S^, dfi(k) A dS^) , (29) 



where C^{'K^;C) are viewed as Hilbert subspaces of {C§°{^;C), Xkw) ■ 

(b) The spaces S(!K*) are naturally identified with real subspaces ofC^{'K; C) in view of the following. 
If either {ipn}n€NA'^'n}neT'i C C;f(Jf+;K) or {V'nlneN, {fAnlriGN C C§°{K~;R) and, according to the 
case, both sequences {'0n}nGN, {V^nlnsN converge to the same il) € S(J{^) in H^i'K ^), then both sequences 
are of Cauchy type in {C^{3{; C), Xkw) and i/jn — i'n ^ in {C^{^; C), Xkw)- 
The subsequent identification o/S(!K*) with real subspaces o/C^(J{;C) is such that: 

i^(L?rs(M±)=^rs(M±), (30) 

where ^ : i^(M x S'^,du A d§^) L^{R x S^,dfc A dS^) stands for the standard u-Fourier-Plancherel 
transform. 

We are finally in place to specify how S(J{) is embedded in Hj<. Let us consider a compactly supported 
smooth function x € C°°(IK), such that x = 1 in a neighbourhood of the bifurcation sphere 23 g !K. 
Every ij: £ S(JC) can now be decomposed as the sum of three functions: 

V' = ^- + ^0 + V'+ , with yj± = (1 - x)^ r^ie S(J{±) and yjo = x^ & C^i^] ») , (31) 

Now let us define the map : S(J{) ^ = i^(M+ x§'^,dK A dS'^) as 

Kj^ : S(5{) 9 ^ >-> ^^(c/) (V_) + F(u){^„) + F^u) {^+) e Hj^ , (32) 

where -P'(c/)(V'±) makes sense in view of the identification of S(IK) with a real subspace of (C^(?{; C), Xkw) 
as established in (b) of Proposition 13.31 The following proposition yields that Kjt, in particular, is well- 
defined and injective and, thus, it identifies S(J{) with a subspace of H^. Such identification enjoys a 
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nice interplay with the symplectic form a^. Furthermore we prove that, K : S(?{) ^ Hj<; is continuous if 
viewing S(J{) as a normed space equipped with the norm 

= 11(1 - x)M\hhk-u + M\hhk)u + 11(1 - (33) 

where |M|hi(,'k±)„ a-nd IMIhi(M)[; are the norms ofthc Sobolev spaces H^{J{^)u and H^{:K)u respectively. 
Notice that, || • ||^ and || • ||^, defined with respect of different decompositions generated by x and x', 
are equivalent, in the sense that there are two positive real numbers Ci and C2 such that CiUV'll^ ^ 

IIV'IIm ^ C'2||V^||3{ f*-"" all ip G S{3-C). The proof of such an equivalence is based on the decomposition of 
the various integrals appearing in the mentioned norms with respect to both the partitions of the unit 
X, 1 — X and x'l 1 ~ x'- Afterwards one employs iteratively the triangular inequality and the fact that the 
norms || • ||ifi(jf±)„ and || • \\h'^(j<)u are equivalent when evaluated on smooth functions whose support is 
compact and does not include zero, because the Jacobian of the change of coordinates in the lone variable 
U is strictly positive and bounded. To conclude the proof one should notice that (x — x') is a compactly 
supported smooth function on the disjoint union of a pair of fixed compact sets J x §^ c IK, that do not 
contain 0. Due to such an equivalence, we will often write |l'0||jf in place of HV'lljf ■ 

Proposition 3.4. The linear map Kj£ : S{!K) in iSS^) verifies the following properties: 

(a) it is independent from the choice of the function x used in the decomposition \31\) of ip S(CK); 

(b) it reduces to F(jj-^ when restricting to C^(J{;R); 

(c) it satisfies 

(Tjc(^A,V'') = -2/m(KM(^),Kjf(^')>H„ , i/V,V''gS(M); (34) 

(d) it is injective; 

(e) it holds Km(S(?{)) = Hm; 

(f) it is continuous with respect to the norm \\ ■ \\^ defined in i3S!\) for every choice of the function x- 
Consequently, there exists C > such that 

\{K:k{^), Kjc(V'))h^„| < C^UH ■ ll^'lk */^, V'' e S(M). 

The proof is in Appendix [C] Collecting all the achievements and presenting some further result, we can 
now conclude stating the theorem about the state individuated by Xkw- 

Theorem 3.1. The following facts hold referring to (Hj£, Kjf). 

(a) The pair (Hj<;, Kjf) is the one-particle structure for a quasi-free pure state lo^k on W(S(!K)) 
uniquely individuated by the requirement that its two-point function coincides to the right-hand side of 
(dg) under restriction to C^(J{;R). 

(b) The state wjc is invariant under the natural action of the one-parameter group of * -automorphisms 
generated by X \^ and of those generated by the Killing vectors of §^ . 

(c) The restriction of cu^ to W(S(?{*)) is a quasifree state 0J^± individuated by the one particle 
structure (Hf^,K^) with: 

H^«± = L2(R X S^,dfi{k) A d§2) and K^"± = ^rs(.'K±)= ^^S' \siJ{±)- 

(d) The states uj^± satisfy the KMS condition with respect to one-parameter group of *- automorphisms 
generated by, respectively, ^X\^, with Hawking's inverse temperature — AT:rs. 
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(e) // {Pr }tgR denotes the pull-back action on S(?f ) of the one-parameter group generated by 
X\^, that is (/3r — ip{u — t,u;), for every r S M and every -0 S S(J{~) it holds: 

where k is the k- multiplicative self-adjoint operator on L^(R x §^,fi/i(fc) A dS^). An analogous statement 
holds for 3i+ . 

Proof, (a) In view of Proposition lB.il (and Lemma [BTT]), the wanted state is the one uniquely associated 
with the real scalar product over S(!K) 

V-') = i?e(K^0, KjcV')h:k , (35) 

and the one-particle structure is just (Hj<;, K^). This holds true provided two conditions are fulfilled, as 
required in Proposition IB . 1 1 The first one asks for 

V'')!' < 4mm(V', V')/^m(V'', ■ (36) 

This fact is an immediate consequence of (c) in Proposition 13.41 The second condition to be satisfied is 
that Kjf (S(J{)) + iKjf (S(J{)) = Hjt and, actually, a stronger fact holds: Kjf (S(5{)) — H^, because of (e) 
in Proposition 13.41 As a consequence, the state uij^ is pure for (d) in Proposition lB.il 
(c) We only consider the case of the other case being analogous. The state 0J^+, which is the 
restriction of uj^ to W(S(^K+)), is by definition completely individuated out of the requirement that 

One can also prove the following three facts, (i) If V', V'' € S(!K+), then: 

due to (a) and (b) in Proposition 13.31 (ii) Condition ((36|) is valid also under restriction to S(3i+) if one 

notices that = cr^ fs(M+)xS(M+)- (iii) One has K^"+(S(3f+)) + iK^"+(S(5{+)) = Hf^"+ by (a) and 

(b) of Proposition ESI if one bears in mind that S(?{+) + iS(5{+) D C^(J{+;C). This concludes the 
proof because (i), (ii) and (iii) entail that (H^,K^) is the one-particle structure of in view of 
Proposition [BTT] (and Lemma fB.lj) . 

(b) If € S(5{), the 1-parameter group of symplectomorphisms [3t generated by X individuates 
/3|^H?A) e S(J£) such that /3i^^(V')(C/, 0) = {iP) (e^/(4™)[/, 0). This is an obvious consequence of 
X — —du on !K+, X = (9„ on !K~ and X = on the bifurcation at C/ = 0. Since (S'^-^^ preserves 
the symplectic form cj^, there must be a representation a'^-^^ of (3^'^\ in terms of ^-automorphisms 
of W(S(!K)). We do not need now the explicit form of a'^^\ rather let us focus on Z?''^^ again. If 
ip G C^(3i;IR), one has immediately, from the definition of -^((7), which coincides with that of Kj^ in the 
considered case, that K^niPi^^ W)iK, 0, 0) = e-^/('^™)KM(?A) (e-^/f^'");^, 9, 0) . This result generalises to 
the case where -0 g S(J{) has support in the set U > (or [/ < 0) as it can be proved along the lines of the 
proof of (b) of Proposition [5T51 Here, if one employs a sequence of smooth functions ipn supported inU > 
(resp. U < 0) which converges to -0 in the Sobolev topology of H^{3i^,du) (see the mentioned proof). 
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(X) (X) 

and uses the fact that (3)- (ipn) converges 

to/3r'(V') in the same topology. Summing up, from definition 
dSl, one gets that Km(/3^^^ f, </>) = (?7^^V) (C^, 0, 0) = e-^/(4'")KM(V') (6"^/^''")^^, 6*, 0) for 

every ^ S S(1K) without further restrictions. Since t/r^"* is an isometry of L^(R+ x S^,KdK A dS"^), in 
view of the definition of it yields that ujj{{Wj{{Pt V)) = ^:K{W^{tp)) for all V' G S(3i), and, per 
continuity and linearity, this suffices to conclude that ut is invariant under the action of the group of 
^-automorphisms a^^^^ induced by X . The proof for the Killing vectors of §^ is similar, 
(d) and (e) In S(!K^), the natural action of the one parameter group of isometries generated by X\^~- 
is : ip ^ P'r^\^) with /Si^^^ 6*, </)) = ^{u - T,6,<j)), for all u,t,<E R, (6*, 0) e and for every 
ip E S(!K^). As previously, this is an obvious consequence of X = du on Since preserves 

the symplectic form cr^- , there must be a representation a^^^ of in terms of ^-automorphisms of 

W(S(!K~)). Let us prove that a*^'^^ is unitarily implemented in the GNS representation of wf^. To this 

end, we notice that P is unitarily implemented in H j^- , the one-particle space of OJ^- out of the strongly- 
continuous one-parameter group of unitary operators Vr such that (Vr^pj ik,e,(j)) =e'''^^{k,e,(t)). This 

describes the time displacements with respect to the Killing vector 9„. Thus the self-adjoint generator 
oiV ish: Dom(k) C L'^{M. x S^, d^J^(k) A dS^) L'^{Rx E>'^,d^i{k) A dS^) .^^ith A:((/))(fc, 6*, 4>) = fc(/)(fc, 6*, 
and 

L)om(fc) = G L2(M X §^d^(fc) Ad§2) / |fc0(fc, 0, A dS^ < +oo 

Per direct inspection, if one employs the found form for V and exploits 

one sees that invariant under a^-^\so that it must admit a unitary implementation |Ar99j . In order 

to establish that the a^'''^-' -invariant quasifree state 0J^_ over the Weyl algebra W(S(J{~)) is a KMS state 
with inverse temperature (3h = 47rr5 with respect to a'-''^^ which, in turn, is unitarily implemented by 
V — {exp{iTk}}r£R in the one particle space H(^_ , on can use proposition IB .31 in the appendix and prove 

that K^" (S(5{-)) C Dom(^e--2 0''^ while (e'^^K^"_?A, K(^"_?/''> = (e^'^^'^/^Kf^" V'', e-''«'^/2e*^%f^"_ V)- 
Luckily these requirements hold per direct inspection since K(^«_(^) ^^e L2(Rx §^d^(fc) Ad§2). Here 

we used the explicit form of the measure fJ-{k) and the identity ip{—k,uj) — tp{k,Lu) if -0 g S(3i^) because 
ijj is real-valued. The case of Jf"*" is strongly analogous, the only difference being X\^+— — □ 

We conclude stating without proof (straightforward in this case) the following proposition which concerns 
the natural X-invariant vacuum states of J{~ and !Key (actually, a quasifree regular ground states in the 
sense of |K W910 . 

Proposition 3.5. If^-K- ^ S(J{~) ^ Hj£- = L^(M+ x S^, 2fcdfcA(i§^) denotes the standard u-Fourier- 
Plancherel transform, followed by the restriction to K+ x , the following facts hold. 

(a) The pair (Hj^-, ^•k-) the one-particle structure for a quasi-free pure state uj^- on W(S(!K~)). 

(b) The state uJr^- is invariant under the natural action of the one-parameter group of * -automorphisms 
generated by X\j^- and those generated by the Killing vectors ofS^. 

If one replaces the u- Fourier- Plancherel transform with the v- Fourier- Plancherel one, an analogous state 
WMe„ can be defined, which is invariant under the natural action of the one-parameter group of *- 
automorphisms generated by X ]:Kcv ^^nd those generated by the Killing vectors of §^ . 
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3.3 The vacuum state cjq on W(53 ) 

We now introduce a relevant vacuum state wq- on W(3~) which is invariant with respect to w-displacements 
and under the isometrics of The idea is, in principle, the same as for uj^, i.e., one starts from a two- 
point function similar to Xkw, with the important difference that the coordinate U is now replaced by 
V. As a starting point we state the following proposition whose proof is, mutatis mutandis, identical to 
that of proposition 13.21 



Proposition 3.6. Consider the Hilhert completion (Cg"(3^; C), Aq,-) of the complex vector space 
C^(3^;C) equipped with the Hermitian scalar product: 



As- ^ Ihn -i / Mvi.e,c^)Mv2,0 ^) ^^^ ^ ^ (37) 



e^0+ TT JrxRxS^ (Wl -V2'' ie) 

where 9~ = R x adopting the coordinate {v,9,(j)) over 5^. The following facts hold. 

(a) If xp+{k,6,(j)) = ^('0) r{fe>o,(e,0)es2j. {k,9,4>) denotes the v-Fourier transform of ip E 6*5^ (3^; C) 
restricted to k E M-). (see the Appendix C in \MoO&^ ). the map 

C^(3";C) 9 V i^+{k,6,(j)) e L^{M.+ x S^,2kdkAdS^) =: Hcj- 

is isometric and it uniquely extends, per continuity, to a Hilhert space isomorphism of 



: (Co-(3-;C),Acj-) Hq- . (38) 

(b) // one replaces C with W: 



F(,)(Co-(3-;R)) = Hc,- . (39) 



We have now to state and to prove the corresponding of the Proposition 13.41 which establishes that 
there exists a state wq.- which is completely determined by Aq- and it is such that the one-particle 
space coincides with Hq,- . The delicate point is to construct the corresponding of the R-linear map Kjf, 
which now has to be thought of as Kcj- : S(3^) Hg,-. Let us notice that Kcj- cannot be defined as 
the w-Fourier transform (neither the Fouricr-Plancherel transform), since the elements of S(9~) do not 
decay rapidly enough. Similarly to what done before, a suitable extension with respect to the topology 
of (Cq°(3~; C), Acj- ) is necessary. To this end, we are going to prove that the real subspace of the 
functions of S(3~) supported in the region v > can be naturally identified with a real subspace of 
(C^(Q^; C), Aq.-). This is stated in the following proposition whose proof is in the Appendix [Cl In the 
following, we pass to the coordinate over R defined by a; ^ ^/v if u > and x = —\/—v if w < 0. Then, if 
we adopt the coordinate x over the factor R of 9~ = R x the Sobolev space H^{Q~)x, is that of the 
functions which belong to L^(R x S^, da; A dS^) with their (distributional) first x derivative. Notice that, 
in view of the very definition of S(3^), if is supported in the subset of 3^ with t; < (i.e., x < 0) and 
ip e 5(3"), then ^ G i?i(3-)^. 

Proposition 3.7. If ip & S(3~) and supp {ip) C Rl x §^ (where W_ = (— oo, 0) ), the following holds. 

(a) Every sequence {"iAnlnsN C C^(R1 x §^;R) such ipn ^ "P o,^ ^ +oo H^{'^~)x is necessarily 
of Cauchy type in (C^(3~ ; C), Aq- ). 

(b) There is {V'njneN C C(f'(Rl x §^;R) such ipn ^ 'P as n ^ +oo in H^{'^~~)x and, if {4'n}neN C 
C^f (Rl X converges to the same ip in H'^i'^-)^, then ip'^ ~ ip„ ^ in (C5"(3?- ; C), Ag,- ). 
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As a consequence every ip G S(3 ) with supp{ip) C M!j_ xS^ can be naturally identified with a corresponding 
element 0/ (C^(3~; C), Aq-), which we indicate with the same symbol ■0. 
With this identification it holds 

^^wrs(s-)=e-^rs(Q-), (40) 

and, for V', ip' G S(3^), 

Acj- (V^, V'O = / + C),^{^)) {h,ij)2hdh/\dS^{uj) , (41) 

w/iere, Q{h) = if h < and Q{h) = 1 otherwise. Here ^ : ^^(M x §^ A dS^) ^ x §^ d/i A dS^) 
is </ie X- Fourier- Plancherel transform (x = —^/—v if v < and x = ^/v if v >0) while C stands for the 
standard complex conjugation. 

We are in place to define the map Kq- along the lines followed for Kj^. Let x be a non-negative smooth 
function on 3~ whose support is contained in R.*_ x S^, and such that rj{v,9,(f) = 1 for w < < 0. 
Consider ip G S(3~) and decompose it as: 

V' = "00 + V'- : where V'o = (1 ^ ??)'0 and V'- = ^/V-" ^ S(Q^) (42) 

Obviously, ipQ G (3~ ; R) and supp (V'- ) C Kl x §^ , where Ml is referred to the coordinate v on R. 
Finally, let us define 

Kq+(V') = J^(.)(0o) + J^(.)(V'-), VV'eS(3-), (43) 

where, tp- in the second term is considered an element of (C^(3~; C), Aq-) in view of Proposition 13.71 
The map Kcj+ : S(S5~) —^ Hq- is continuous when the domain is equipped with the norm 

= + UoWhhc,-)^ (44) 

where || • |l_f/i(Q-)^ and are the norms of the Sobolev spaces iJ^(9~):E andi/^(3~)„ respectively, 

the latter hence with respect to the w-coordinate. Let us remark that, as before, different ry and rj' produce 
equivalent norms || • and || • for this reason we shall drop the index 77 in || • ||^_ if not strictly 
necessary. The following proposition states that the definition of Kq,- , given above, is meaningful; its 
proof, which will be discussed in the Appendix [C| relics on Propositions 13 . 6l and 13 . 7l and it is very similar 
to that of Proposition l3.4l 

Proposition 3.8. The linear map Kq.- : S(5^) — > Hg.- in enjoys the following properties: 

(a) it is well-defined, i.e., it is independent from the chosen decomposition for afixedijj G S(3^); 

(b) it reduces to Fj^^j when restricting to C|J°(3^;M); 

(c) it satisfies: 

as-(V',0') = -2/m(K9-(V),K9-(Vy))H^_ , if G S{^'); 

(d) it is injective; 

(e) it holds Kcj-(S(3-)) = Hq- ; 

(f) it is continuous with respect to the norm \\ ■ defined in for every choice of the function 
rj. Consequently, there exists a constant C > such that: 

|(K3-(V;),Ks-(V;'))h,_ | < C^MV^- ■ WU- e 5(9"). 
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We can now define the state (jJq,- collecting all the achieved results. 

Theorem 3.2. The following facts hold referring to (Hq- , Kcj-). 

(a) The pair (Hq-, Kq-) is the one-particle structure for a quasi-free pure state Wq- on W(S(3~)) 
which is uniquely determined by the requirement that its two-point function coincides with the right-hand 
side of |5'7p under the restriction to (3~ ; R) . 

(b) The state Wg,- is invariant under the natural action of the one-parameter group of automorphisms 
generated both by X\^^- and by the Killing vectors of§^. 

(X) 

(c) If {Pt }tgr denotes the pull-back action on S(3^) of the one-parameter group generated by X\cj- 
that is {Pr{'>P))iv,^) — ^(w — T,uj), for every r e M and every G S(3^) it holds: 

where h is the h-multiplicative self-adjoint operator on Hg,- = L^(M x S^, 2hdh A dS^). 

Analogous statements hold for W(S{'^^)) and for W{S{^^)), hence there exists the corresponding states 

tOcj± and ujcg+ exist. 

Proof. The proof of (a) and (b) is essentially identical to that of the corresponding items in Theorem l3.1l 
Particularly, the proof of item (b) is a trivial consequence of Lemma IC.3I □ 

4 The extended Unruh state uu- 

When a spherically-symmetric black hole forms, the metric of the spacetime outside the event horizon, 
as well as that inside the region containing the singularity away from the collapsing matter, must be 
of Schwarzschild type due to the Birkhoff theorem (see [WR96[ IWa94] for a more mathematically de- 
tailed discussion) . A model of this spacetime can be realized selecting a relevant subregion of ^ in the 
Kruskal manifold, i.e., the so called regions I and II of the Kruskal diagram as depicted in chapter 6.4 
of [Wa84| . A quantum state that accounts for Hawking's radiation in such background was heuristically 
defined by Unruh in who employed a mode decomposition approach [Un76|. ICaSO) IWa94] . A rigorous, 
though indirect, definition of uju, restricted to W, has been subsequently proposed by Kay and Dimock 
in terms of an S'-matrix interpretation, though under the assumption of asymptotic completeness, which 
was proved to hold in the massless case |DK86-87) . It is imperative to stress that, in the last cited papers, 
the restriction to the static region W was crucial to employ the mathematical techniques used to describe 
the scattering in stationary spacetimes and, as a byproduct, the algebras W(S(J{)) and 'W(S(3~)) were 
introduced and used with some differences with respect to our approach. 



4.1 The states ujui and their basic properties 

We are in place to give a rigorous definition of the Unruh state by means of the technology previously 
introduced. Our definition is valid for the whole region ^ and it does not require any S'-matrix inter- 
pretation, nor formal manipulation of distributional modes as in the more traditional presentations (see 
}Ca80j ). Our prescription is a possible rigorous version of Unruh original idea according to which the 
state is made of thermal modes propagating in ^ from the white hole and of vacuum modes entering 
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^ from 5 . Together the Unruh state lou on 'W(S(./#)) we also define the Boulware vacuum, ujb on 
W(S(5^)), since it will be useful later. 

Definition 4.1. Consider the states ujq- , uj^ and w^ei, in Theorem 13. 2[ Theorem 13.11 

Proposition [331 The Unruh state is the unique one uj(j : W(S(^)) C such that: 

w[/ {W^{ip)) = oj^ {W^{ipj{ j) wa- (H/q- ((/3a-)) for all ^ e S(^). (45) 
The Boulware vacuum is the unique state ujb '■ W(S(#')) — > C such that: 

^i3(W^^(^)) =c^M.jW^jf„(<PM.J)^Q+ (T^3+(¥'3+)) for all ^ e S(#'). (46) 
In other words lou = (i) (wjf (g) wq- ) and ojb = («+) (i^j<:+ ® wg- )• 

We study now the interplay between luu, i^b and the action of X. The Killing field X individuates 
a one-parameter group of (active) symplectomorphisms {(31 }teR on S(^) which leaves S(^) and 
S{W) invariant. As X is defined on the whole manifold similarly, a one-parameter group of (active) 
symplectomorphisms are induced on S(3*), S(J{), S(IK^), S(Kev) and, henceforth, we shall use the 

(X) (X) 

same symbol }teK for all these groups. In turn, {(31 }teR induces a one-parameter group of *- 

automorphisms, {aj jtgR, on 'W(^) unambiguously individuated by the requirement: 

af^(I^^(^))=W^^(/3f'(^)) , foraU^eS(^). (47) 

( X) 

Whenever {a). }tm acts on W(S(^)) and W(S(#')), it leaves these algebras fixed and the second one 
in particular represents the time-evolution, with respect to the Schwarzschild time, of the observables 
therein. Analogous one-parameter groups of ^-automorphisms, indicated with the same symbol, are 
defined on W(3±), W(M), W{3<~), W(Jfe^) by X. The following relations hold true, for aU t e M and 
if e S(^): 

r (/3f )(^)) = (/3f '(^:k) , /3r'(¥'s-)) . (48) 

The same result is valid if one replaces ^ with W, "K with IK^ or J{e„ and, in the second case, 3~ 
with 5"'', so that T is substituted by r_ or r+ respectively, while i by i~ or correspondingly. The 
proof is a consequence of the invariance of the Klein-Gordon equation under (3'''^'^ . Similar identities hold 
concerning the remaining Killing S^-symmetries of both ^ and W . 

Proposition 4.1. The following facts hold, 

(X) 

(a) ujjj and ojb o-tc invariant under the action of {aj }tes. ^'^'^ under that of the remaining Killing 
E>^ -symmetries of the metric of ^ and W respectively. 

(b) lob is a regular quasifree ground state, i.e., the unitary one-parameter groups which implements 
{at}ti£R are strongly continuous and the self-adjoint generators have positive spectrum with no zero eigen- 
values in the one-particle spaces. Hence it coincides to the analogous vacuum state defined with respect 
to the past null boundary of W , i.e., ujb = («~) (wjf- <8> Wq-). 

Proof, (a) If one bears in mind the same statement for the region 'W, the one under analysis follows 

from (|47ll . (flS]) together with the definitions (I45|) and (f46l) . One must also take into account that the 

( x\ 

states ujj{, cjcj- , wjt^„, are invariant under the action of both {a). }t<£R and the remaining Killing 

symmetries, as established in theorems 13.11 \S7I\ and proposition 13.51 
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(b) By direct inspection one sees that, in the GNS representation space of the quasifree states, ujb and 
{oJ^K- (Sitfcj-) are quasifree regular ground states with respect to {atjtgR. Thus Kay's uniqueness 
theorem jKa79| imphes that ujb = {^^) {^ji- ^Ci^Q.-). □ 

If lyj' e S[W), the function F^^^'{t) = uju (W'^{ip)a['^^ {W-^{ip))^ decomposes in a product 

If one refers to the Schwarzschild-time evolution, the first factor fulfils the KMS requirements (see defini- 
tion |R2|, whereas the second factor enjoys the properties of a ground state two-point function: it can be 
extended to an analytic functions for Imt > which is continuous and bounded in Im t > and tends to 
1 as K 9 i ^ ±oo. The term F^^") {t), which evaluates only the part (pji- and ^'j^- of the wavefunctions, 
represents the components of the wavefunction which brings the thermal radiation entering W through 
the white hole. The latter, which evaluates only the components (/Sq- and ip',^_ of the wavefunctions, 
represents the part of the wavefunction associated with the Boulware vacuum. 



4.2 On the Hadamard property 

Let us consider a quasifree state w on the Weyl algebra of the real Klein-Gordon scalar field W(^) for a 
globally hyperbohc spacetime {^,g) and let (H(^, K„) be its one-particle structure which determines the 
Fock GNS representation (i3a),II^, '^u) of uj. Finally introduce the field operators as discussed in 

sec. 12.21 The two-point function of uj is the bilinear form A : S{^) x S(^) C where Xuj{tp, ip') = 
(K^j-i/), K^^')h^. Equivalently, if one follows Sec. 12.21 and the Appendix [Bl it turns out that 

where the expectation value of the product of two field operators ^ui{f) and $cj(/') is computed with 
respect to the cyclic vector 'I';^ of the GNS representation of lo and where Ep : C^(c/f ;C) — + S(o/K) 
is the causal propagator. Therefore a smeared two-point function can equivalently be defined as a 
bilinear map A^^ : C°°{,yV\ R) x C°°{,yV\ M) C associated with the formal integral kernel K^{x^ x') with 

A^(/,ff) = / K^{x,x')f{x)g{x')diig{x)diig{x') = (/O^-o.) • 

Furthermore 

A. (/,<?) = \^{EpJ,Ep^^g) iif,ge C°°(^;M) . 

In this framework, the state uj is said to satisfy the local Hadamard property when, in a geodetically 
convex neighbourhood of any point the two-point (Wightmann) function ll!{x,x') of the state has the 
structure 

A(x, x') 

A^{x, x') — — ' + V{x, x') lno-(a;, x') + w{x, x') , 
a[x, x'j 

where A(x, x') and V{x, x') are determined by the local geometry, a{x, x') is the signed squared geodetical 
distance of x and x' , while w is a smooth function determining the quasifree state. The precise definition, 
also at global level and up to the specification of the regularisation procedure enclosed in the definition of 
(T, was stated in |KW91| . The knowledge of the singular part of the two-point function and, thus, of all 
n-point functions in view of Wick expansion procedure, allows the definition of a suitable renormalisation 
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procedure of several physically interesting quantities such as the stress energy tensor, to quote just one 
of the many examples |Wa841 IMo03[ IHW04j . It has thus been the starting point of a full renormalisation 
procedure in curved spacetime as well as other very important developments of the general theory |BFK96i 
IBFOOi IHWOTI IBFV03] . A relevant technical achievement was obtained by Radzikowski |Ra96a[ [Ra96b) 
who, among other results, proved the following: if one refers to the Klein-Gordon scalar field, the global 
Hadamard condition for a quasifree state w whose two-point function is a distribution A^^ e x ^), 

where {=yV,g) is globally hyperbolic and time-oriented, is equivalent to the following constraint on the 
wavefront set fH689J of A^^. 

WF{A^) = {(x, y, k,,ky) eT*{^x.^)\ {0} | (x, k,) ~ (y, -ky) , k^>0} , (49) 

that is usually referred to microlocal spectrum condition - see jSa09) for recent developments -. One 
should notice that, above, denotes the null section of T* {.jV x .yV) and (x, kx) ~ [z, k^) means that there 
exists a light-like geodesic 7 connecting x to z with k^ and k^ as (co)tangent vectors of 7 respectively 
at X and at z. Particularly if x = z, it must hold that k^ — fcz, k^ being of null type. The symbol > 
indicates that k^ must lie in the future-oriented light cone. 

The aim of this subsection is to prove that the two-point function associated to the state ps)) on 
W(^) fulfils the Hadamard property by means of the microlocal approach based on condition (|49)) . To 
this avail, the general strategy, we shall follow, consists of combining in a new non trivial way the results 
presented in |SVOO| and in [Mo08| IDMP09b) . Since we interpret the two-point function as a map from 
C^(^;C) X C^(^;C) ^ C a useful tool is the map T : S(^) S{%) ® S(3-) introduced in the 
statement of Theorem 12.11 We shall combine it with the causal propagator to obtain 

= ri?pj. (50) 

We can now state the following proposition, whose ultimate credit is to allow us to check microlocal 
spectrum condition (I49p since the two-point function of lou determines a proper distribution of x 
M). 

Proposition 4.2. The smeared two-point function Ajj : C^(./^;M) x C^{^;M.) C of the Unruh 
state uJu can be written as the sum 

A[/ = Am + Aq-, (51) 
with Ajf and Ag,- defined out of the following relations for and Aq- as in ()28|) and (|37|); 

Am(/,5) = Am(<^^,(P^) , Acj- (/, g) = Acj- ((^4- ' "^a- ) ' for every f,g e C^{^;R), 

Separately, A^, Aq,- and Ajj individuate elements of ^^'{^ x ^) that we shall indicate with the symbols 
Ajc, Aq,- and Ajj . These are uniquely individuated by C-linearity and continuity under the assumption 
(EIP as 

Am(/®.9) = Ajc((/?^f,^^) , Acj-(/(55<?) = Acj-(4_,^^_) , for every f,geC^{^;R). (52) 
The proof is in Appendix [Cl 

In the remaining part of this section we shall prove one of the main theorems of this paper, namely that 
Ajj satisfies the microlocal spectral condition (|49p and thus cuu is Hadamard. 

Theorem 4.1. The two-point function Ajj e x ^) associated with the Unruh state lojj satisfies 

the microlocal spectral condition: 

WF{Au) = {{x, y, kx,ky) G T*(^ X ^) \ {0}, (x, k,) {y, -ky), fc, > 0} , (53) 
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consequently uju is of Hadamard type. 

Proof. As it is often the case with identities of the form ([SS]) . the best approach, to prove them, is to show 
that two inclusions D and C hold separately, hence yielding the desired equality. Nonetheless, in this case, 
we should keep in mind that Kjj is a two-point function, hence it satisfies in a weak sense the equation 
of motion (O with respect to Pg, a properly supported, homogeneous of degree 2, hyperbolic operator 
of real principal part and the antisymmetric part of Kjj must correspond to the causal propagator Ep 
introduced in subsection l2.2l In this framework, all the hypothesis to apply the theorem of propagation of 
singularities (PST), as in Theorem 6.1.1 in [DH72] . are met. Hence one has all the ingredients necessary 
to proceed as in the proof of Theorem 5.8 in [SVOlj . to conclude that the inclusion D holds true once 
C has been established. Therefore, in order to prove (|53p. it is enough to establish only the inclusion 
C. This will be the goal of the remaining part of the proof and we shall divide our reasoning in two 
different sequential logical steps. In the first part, below indicated as part 1, we shall prove that the 
microlocal spectrum condition is fulfilled in the static region W . In the second, displayed as part 2, we 
apply this result extending it to the full mostly by means of the PST which strongly constraints the 
form of WF{Ajj) in the full background. The left-over terms, which are not fulfilling (f53|) . are eventually 
excluded by means of a case-by-case analysis. 

Part 1. In order to establish the validity of the microlocal spectral condition in W , our overall idea is to 
restrict Ku to a distribution in [W x W) and to apply/adapt to our case the result on the wave- front 
set of the two-point function of passive quantum states, as devised in |SV00j . 

As a starting point, let us remind that W \s a. static spacetime with respect to the Schwarzschild Killing 
vector X, and that the state Kjj is invariant under the associated time translation, as established in 
Proposition 14. II However, despite this set-up, A[/ is not passive in the strict sense given in [SVOO| and, 
hence, we cannot directly conclude that the Hadamard property is fulfilled in W ^ i.e., in other words. 
Theorem 5.1 in [SVOOj does not straightforwardly go through. Nonetheless, luckily enough, a closer look 
at the proof of the mentioned statement reveals that it can be repeated slavishly with the due exception 
of the step 2) in which the passivity condition is explicitly employed. Yet, this property is not used to its 
fullest extent and, actually, a weaker one suffice to get the wanted result; in other words, the mentioned 
"step 2)", or more precisely formula (5.2) in the last mentioned paper, can be recast as the following 
lemma for Kjj. 

Lemma 4.1. The wave front set of the restriction to x W) of Kjj , satisfies the following inclusion 

WF{Ku\-j(Wy.w)) ^ {{x,v,k,,ky) eT*{W xW)\{{)}, k,{X) + ky{X) ^ 0, ky{X)>{)} , 
where X is the generator of the Killing time translation. 

Proof. As a first step we recall the invariance of Ajj, as well as of Aq- and Ajf, under the action of 
X, an assertion which arises out of part (b) of both Theorem 13.11 and 13.21 Furthermore, out of (l52|) . it 
is manifest that both Aq- and satisfy in a weak sense and in both entries the equation of motion, 
since they are constructed out of the causal propagator ([5^ . Yet their antisymmetric part does not 
correspond to the causal propagator and this lies at the heart of the impossibility to directly apply the 
proof of theorem 5.1 as it appears in [S V00| . 

Nevertheless, if we still indicate by (31 {t gM.) the pull-back action of one-parameter group of isometrics 
generated by X on elements in C^{W\ R), we can employ (f52|) . as well as the definition of both Aq.- and 
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Ajf, to infer the following: Aq,-, which we shall refer as vacuum like, fulfils formula (Al) in |S V00| : 



/ 



R 



for all f{t) = /jj e-'^*^f{k)dk such that / e C^{W_;C). At the same time Ajt fulfils formula (A2) in the 
same mentioned paper, which implies that it is KMS like at inverse temperature (Sh, *-e.. 



for every / S C(j"(M;R). The former identity arises out of the Fubini-Tonelli's theorem and of basic 
properties of the Fourier-Plancherel transform. To wit, if one bears in mind the definition of Aq-, wq-, 
the explicit expression of Hg,- = i^(R+ x 2kdk A dS^) as well as part (c) of Theorem 13.21 



for suitable functions tpi and V'2 G L^(]R x 2fcdfc AdS^) which corresponds to hi and /12 ■ We also stress 
that the k integration is only extended to the positive real axis, whereas the support of / is contained in 
R_. If one notices that, if /i g C^(#';M), then (^fj^- S S(M~), then the second identity follows similarly 
from Theorem 13. II Here the key ingredients are the definition of Aj<, and the explicit expression of 
the measure ^x{k) in Hf^"L = ^^(R x ^(fc) A dE?), and point (e) of Theorem [311 

The validity of this pair of identities suffices to establish the statement of Proposition 2.1 in |SVOO| . 
whose proof can be slavishly repeated with our slightly weaker assumptions, though one should mind the 
different conventions in our definition of the Fourier transform. From this point onwards, one can follow, 
in our framework and step by step, the calculations leading to the second point in the proof of Theorem 
5.1 in |SVOO| . which is nothing but the statement of our lemma. We shall not reproduce all the details 
here, since it would lead to no benefit for the reader. □ 

Equipped with the proved lemma, and following the remaining steps of the proof of Theorem 5.1 in [SVOO| 
the last statement in the thesis of Theorem 5.1 in |SVOO| can be achieved in our case, too. As remarked 
immediately after the proof of the mentioned theorem in [S VOO) . that statement entails the validity of 
the microlocal spectrum condition for the considered two-point function. Thus we can claim that 

Proposition 4.3. The two-point function Kjj £ ^'(.-# x ./#) of the Unruh state, restricted on 
C^{W X W;C), satisfies the microlocal spectral condition j^ffp with ,jY = W and thus lojj t-w(*^) 
a Hadamard state. 

Part 2. Our goal is now to establish that the microlocal spectrum condition for h.u{x, x') holds true also 
considering pairs {x, x') € ^ x ^ which do not belong to #' x W . The overall strategy, we shall employ, 
mainly consists of a careful use of the propagation of singularity theorem which shall allow us to divide 
our analysis in simpler specific subcases. 

To this avail, we introduce the following bundle of null cones ,yVg C T*./^ \ {0} constructed out of the 
principal symbol of Pg, as in dS]): 




f{t + il3H)k^{l3\''\h2)®hi)dt, hi, h2 e C^iW;R) 



R 




= {{x, fc.) e T*^ \ {0} , g^''{x){k,)^{k:,), = 0} . 
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We define the bicharacteristic strips generated by (x, fc^) € o/f^ 

B{x, k^) = {{x', k'^)&J/g\ (x', k^.) - (x, k^)} , 

where was introduced in (|49p . The operator Pg is such that we can apply to the weak-bisolution Ay the 
theorem of propagation of singularities (PST), as devised in Theorem 6.1.1 of jDH72] . This guarantees 
that, on the one hand: 

WF{Ku) C ({0} U .y^g) X ({0} U ^g) , (54) 

while, on the other hand, 

if (x, y, fc„ ky) G WF{ku) then B{x, k,) x B{y, ky) C WF{ku). (55) 

A pair of technical results, we shall profitably use in the proof, are given by the following lemma and 
proposition whose proofs can be found in appendix [Cl 

The proposition characterises the decay property, with respect to p S T*^ , of the distributional 
Fourier transforms even though one should notice that in jHo89| the opposite convention concerning the 
sign in front of i{p, ■) is adopted: 

= liiir Ep^ ife^^P'-^ ) , = Ep^ (/e'^P-') ) 

where we have used the complexified version of causal propagator, which enjoys the same causal and 
topological properties as those of the real one. Henceforth (•, •) denotes the standard scalar product in 
and I • I the associated norm, computed after the choice of normal coordinates. From now on we 
also shall assume to fix a coordinate patch whenever necessary, all the results being independent from 
such a choice, as discussed after Theorem 8.2.4 in |Ho89j . We remind the reader that, given a function 
F : C, an element k G R" \ {0} is said to be of rapid decrease for F if there exists an open 

conical set Vk, i.e., an open set such that, if p G Vk then \p E Vk for all A > 0, such that, Vk 3 k and, for 
every n = 1, 2, . . ., there exists C„ > with \F{p)\ < C„/(l + |p|") for aU p e Vk. 

Proposition 4.4. Let us take {x, k^) G ^g such that (i) x G ^ \ W and (ii) the unique inextensible 
geodesic 7 (co-)tangent to k^ at x intersects K in a point whose U coordinate is nonnegative. Let us also 
fix x' G C°°(IK;R) with x' = 1 in U & (— cx), C/q] o,nd x' = if U & [Ui,+oo) for a constant value of 
Uq<Ui< 0. 

For any f G C^(^) with f{x) — 1 and .sufficiently small support, k^ is a direction of rapid decrease for 
both p ^ \\lP^_\\c^- anrfp llxVj^lk- 

The pre-announced lemma has a statement which closely mimics an important step in the analysis 
of the Hadamard form of two-point functions, first discussed in [SV01| . It establishes the the right-hand 
side of can be further restricted. 

Lemma 4.2. Isolated singularities do not enter the wave-front set of Kjj , namely 

{x,y,k,,{))iWF{Ku) , {x,y,Q,ky)iWF{ku) if x,y e ^ , k, e T^.^ , ky e . 
Thus, as a consequence of |5^| j, it holds 

WF{Au) cyygxj^g. 
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The next step in our proof consists of the analysis of WF{Au), in order to estabhsh the vahdity of ([55)) 
with — replaced by C. We shall tackle the cases which are left untreated by the statement of Proposition 
14.31 in particular. As previously discussed, this suffices to conclude the proof of the Hadamard property 
for ivij. 

The remaining cases amount to the points in WF{Au) such that, in view of Lemma 14.21 ix,y, kx, ky) e 
X with either x, either y or both in ^ \ Therefore, we shall divide the forthcoming analysis 
in two parts, case A, where only one point is in \ W, and case B, where both lie in ^ \ W . 

Case A. Let us consider an arbitrary {x,y,kx,ky) G ^ x ^ which belongs to WF{Au) and such 
that X e ^ \ W and y G W, the symmetric case being treated analogously. If a representative of the 
equivalence class B{x,kx) has its basepoint in W, ([55]) entails that the portion of B{x,kx) x B{y,ky) 
enclosed in T*{W x must belong to W^i^(Ac/ ["coc^^^^.c)) and, thus, it must have the shape stated 
in Proposition 14.31 Thanks to the uniqueness of a geodesic which passes through a point with a given 
(co-)tangcnt vector, it implies that (x, kx) ^ (y, ~ky) and /cj; > as wanted. 

Let us consider the remaining subcase where no representative of B{x,kx) has a basepoint in W. Our 
goal is to prove that, in this case, (x, y, kx, ky) ^ WF{Ku) for every ky. This will be established showing 
that there are two compactly supported smooth functions / and g with f{x) — 1 and g(y) — 1 such that 
{kx,ky) individuate directions of rapid decrease of (px^Py) i-^ A[/((/e*^P="'^ ® he^^^y^). 
If B{x, kk) does not meet W , there must exist (g, kg) € B{x, kx), such that q € 'K and the Kruskal null 
coordinate U — Uq in nonnegative. Let us consider, then, the two-point function 

Aa(/®/i) = Ajc(/®M+Acj-(/®/i), /,/ie C7o°°(^;R), 

where Aj^ and Aq,- are as in (I52p . If the supports of the chosen / and h arc sufficiently small, we can 
always engineer a function x ^ Co°(^) such a way that x{Uq, 9,<j)) = 1 for all (9, (p) E and x = on 
J~{supp h) and 5{. Furthermore, if we use a coordinate patch which identifies an open neighbourhood 
of supp{f) with and we set x' = 1 ~ we can arrange a conical neighbourhood Tk^ E \ {0} of 
kx such that all the bicharacteristics B(s,ks) with s e supp(f) and fcg £ Tk^ do not meet any point of 
suppx' on "K. If we refer to (|50p. we can now divide Ajf (/ ® h) as: 

and we separately analyse the behaviour of the following three contributions at large {kx, ky) : 

XMxvt^V^^^n, Ajc(xV^?%4''') and Acj- (^.^_^ ^Jl" ) . (56) 

Each of these should be seen as the action of a corresponding distribution in 'Si' (y^ x ^). The sce- 
nario, we face, is less complicated than it looks at first glance since we know that neither (x, y, kx, 0) nor 
{x,y,Q,ky) can be contained in WF{Au), as Lemma [4.21 vields. Hence this implies that, in the splitting 
we are considering in (I56p . we can focus only on the points {x,y,kx,ky) where both kx and ky are not 
zero. If we were able to prove that these points are not contained in the wave front set of any of the three 
distributions ([TO)) , we could conclude that they cannot be contained in the wave front set of the their sum 
Au, because the wave front set of the sum of distributions is contained in the union of the wave front set 
of the single component. At the same time, the second and third distribution in the right-hand side of 
([5B)) turn out to be dominated by CUxV-h IImU'^j^" \W ^^^^ C"||(pg"l'°^ Hg,- \\^c^- , respectively, C and 
C" being suitable positive constants, whereas || • \\-k and || • ||cj- stand for the norm (ISS)) and (|44)l . This 
is a by-product of the continuity property presented in points (f ) of both propositions 13.41 and 13.81 here 

adapted for complex functions, too. Furthermore, per Proposition 14.41 both lixVix'^IlM ^^^"^ ll'Pg- IIq- 
are rapidly decreasing in kx G T* ^ \ {0} for an / with sufficiently small support and if kx is in a open 
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conical neighbourhood of any null direction. The remaining two terms \\^^^ ||m and \\'Pc^- in ([56]), 
can at most grow polynomially in ky. The last property can be proved as follows: if one starts from the 
bounds for the behaviour of the wavefunctions restricted to on 'K~ and SJ" , as per Proposition 12.11 one 
can estimate the norms HvSq,-" , ll'/'jf " II embodying the dependence on ky in the explicit expression of 
the coefficients Ci which appear in Proposition l2.1l Then, out of an argument similar to the one exploited 

in the proof of Proposition 14.41 for fixed ky and /i, those coefficients can be bounded by C^\Ez{ip^''y)\ 

as in ([STjl . where E<^{Lp^^y) is the integral of a polynomial of derivatives of (p^''y on a suitable Cauchy 
surface Y^cW. Notice that Lp^^y (z) = {Ep^{hkJ){z) is smooth, has compact support when restricted on 
a Cauchy surface, and together with the compact supports of its derivatives are contained in a common 
compact subset K G T,. One can exploit the continuity of the causal propagator Ep^ , to conclude that, for 
every fixed multi-index a, snpj^ \d°'Ep^{hky)\ is bounded by a corresponding polynomial in the absolute 
values of the components of ky. The coefficients are the supremum of derivatives of /i G C^(^; M) up to 

a certain order. This implies immediately that E^^ip'^'^y), as well as W^p^^ ||q- , Wfj^" \\d< are polynomially 
bounded in ky, also because the computation of E^{ip^''y ) has to be performed on a compact set if C S. 

We now remind the reader that we have identified x with R** x M** by means of a suitable pair of 
coordinate frames. Hence cotangent vectors at different points x and y can be thought of as elements of 
the same and, hence, compared. This allows us to define the following open cone in R'', F C R^ x R"^, 
i.e., with < e < 1, 

ebxl <\Py\< -^\Px\ ,-Px e U^k^ \ (57) 



where Uk^ is an open cone around the null vector k^ where p <—>■ HxVm"" ll?f- and p i-^ ||a- 
decrease rapidly. Hence, per construction, for any direction {kx,ky) with both fc^ 7^ and ky ^ Q oi 
null type, there is a cone F^^ containing it. Moreover all the directions contained in Ffc^ are of rapid 

decrease for both \'k{x^oT ' V-k" ) ^'^'^ '^mCxV-h^ 7 V^k" ) because, just in view of the shape of F^^ , the 

rapid decrease of ||xV'k'''°IIm ^^"^ II Vq^'''" 11^- controls the polynomial growth in \py\ of ||<y5|j^''||M and 

||(/?cjj' IIq- respectively. 

We are thus left off only with the first term in and, also in this case, if the support of / and h are 
chosen sufficiently small, Ajf (x<PjJ^ , <^j{-" ) can be shown to be rapidly decreasing in both kx and ky. To 
this end, let us thus choose x" G C°°{'K; R) such that both x"{p) = 1 for every p in supp {f'^^ ) (also for 
every ky) and x" ri X = 0- We can write 



X:K{x^!;i%V^n= / xix'){Ep^{fkx)){x')T{x',y')x"{y')Vo^Hy') dUx'dS'i0x',<Px')dUy,dS^ey,,<Py,) 

Theorem 8.2.14 of |H589| guarantees us that 

(x', y', kx,,ky,) ^ WF {{Tx") o ixEp^ fj^)) y{y', ky,) e T*^, 

where T is the integral kernel of Ajf seen as a distribution on f^'(5{x J{), while o stands for the composition 
on IK with Ep on the left of T. Finally Ep \^ means that the left entry of the causal propagator has 
been restricted on the horizon K, an allowed operation thanks to theorem 8.2.4 in [Ho89| . One can 
convince himself, out of a direct construction, that the set of normals associated to the map embedding 
!K in #' does not intersect the wave front set of Ep . The integral kernel of {xTx!'){x' , y'), with the entry 
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x' restricted on the support of x and the entry y' restricted on that of x", moreover, is always smooth 
and, if one keeps x' fixed, it is dominated by a smooth function whose iJ^-norm in y' is, uniformly in cc', 
finite. This also yields that, the 7?^(J{)t7-norm of || {Tx")°xEpgfk^ \\h^{M)u is dominated by the product 
of two integrals one over x' and one over y' . The presence of the compactly supported function x and the 
absence of points of the form (x, y, kx,0) and {y, x, 0, ky) in WF{Ep^) assures that the integral kernel of 
X^x" is rapidly decreasing in kx- Summing up we have that 

|AJ^(x<^^^^4^")| < C\\ ((Tx") o ixEpJ) {f-kJ\\HH^)u , (58) 

where the second norm in the right-hand side is given in (j33p . This bound proves that, for a fixed ky, 
kx '^(nixfj^'' 5 '/'m" ) is rapidly decreasing. 

To conclude, if we look again at ([55)1 and if we introduce a cone as in ([57)) . out of Lemma 14.21 we 
can control the (at most) polynomial growth of using the rapidly decreasing map kx i— > 

II ((Tx") ° (x^Pg)) {f-k^)\\H^{:K)u- Hence we establish that {kx,ky) is a direction of fast decreasing 

of X:^,{xv!;i^,^';^n- 

Case B. We shall now tackle the case in which we consider an arbitrary but fixed {x, y, kx, ky) G ,yVg x ,yVg, 
with both X and y lying ^ \ W . 

If one assumes that {x,y,kx,ky) € WF{Ku) we have to prove that both {x,kx) ^ {y,^ky) and fc^ i> 
have to be valid. If B{x,kx) and B{y,ky) are such that both admit representatives in W, we make 
use of both and of the fact that elements in the wavefront set of the restriction of Ku to W fulfils 
{x' ,k'^,) ~ {y',~ky,) and k'^, > 0. Hence one extends this property to {x,y,kx,ky) following the same 
reasoning as the one at the beginning of the Case A. If, instead, only one representative, either of B{x, kx) 
or of B{y, ky) lies in W , then we fall back in Case A studied above again thanks to (|55|) . Thus, we need 
only to establish the wanted behaviour of the wave front set when it is possible to find representatives of 
both B{x, kx) and B{y, ky) which intersect IK at a nonnegative value of U. We shall follow a procedure 
similar to the one already employed in 'Mo08]. 

In this framework, let us consider the following decomposition of Aij{ip^''^ (g) (f^''y): 

where /, /i € C^(.-#) and they attain the value 1 respectively at the point x and y. 

As before, we start decomposing the first term in the preceding expression by means of a partition of 

unit X, x' on K, where x, x' € C^{3<) satisfy x + x' We obtain 

Am (/fe. ,hk^) = Am (x^^^- , X^M " ) + Am (x Vm^ , X'^M " )+ 

^^ixft > xVm" ) + Am(xVm^ > xVm" )■ (59) 

Furthermore, the above functions Xi x' can be engineered in such a way that the inextensible null geodesies 
^x and 7j,, which starts respectively at x and y with cotangent vectors kx and ky, intersect IK in Ux and 
Uy (possibly Ux = Uy), respectively, included in two corresponding open neighbourhoods Ox and Oy 
(possibly Ox = Oy) where x' vanishes. Let us start from the first term in the right hand side of (|59|) and, 
particularly, we shall focus on the wave front set of the unique extension of f ® g ^ AM(xViK' X'^m) to 
a distribution in &'{^ x ^). If we indicate as T the integral kernel of Am, interpreted as distribution 
of i^'(K X K), we notice that, as an element in &'{^ x ^), Am can be written as: 

Am(x<Pm'X'Pm) = X^x {EPg Fm ®Ep^ fM (/ ® h)) , 
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where Ep^ \j{ is the causal propagator with one entry restricted on the horizon J{ and x^X G £'(?{ x IK). 
Thanks to the insertion of the compactly supported smooth functions X) with the knowledge that 
WF{Ep^ ®Ep^)ji^'K — (see |Mo08) ), we can make sense of the previous expression as an application of 
Theorem 8.2.13 in [Ho89| . of which we also employ the notation. The wave front set of T has been already 
explicitly written in Lemma 4.4 of |Mo08| and, hence, still Theorem 8.2.13 in [Ho89| guarantees us that 
if (x, y, kx, ky) is contained in the wave front set of the resulting distribution then (x, kx) ~ {y, ~ky) and 
kxi>Q hold. 

If we come back to the remaining terms in (15^1) . it is possible to show that all of them, together with Aq- 
are rapidly decreasing in both kx and ky, provided that / and h have sufficiently small support. Hence 
they give no contribution to WF{Ku). 

Here we analyse in details only the second term in ([55)1 since the others can be treated exactly in the 
same way. To start with, notice that, due to (f) in proposition 13.41 \\'uiV iplj\'' . y^j^" )| is bounded by 
CIIxV'h"' IIm- IIxvIk'' where || • is the norm introduced in ([321) ^^'^ C > is a constant. Due to 
Proposition l4.41 HxVix^ li^ rapidly decreasing in kx for some / with sufficiently small support. Finally, 

the rapid decrease of HxViK*^ 11^ ^^"^ control the at-most polynomial growth of IIx'^Ik" 11m, as discussed 
above in the analysis of ((56)) using the fact that {x,y,kx,Q) and {x,y,Q,ky) cannot be contained in the 
wave front set of A[/; this leads to the construction of the open cone Vk^- 

If we collect all the pieces of information we have got about the shape of A[/, we can state that: 



and this concludes the proof. □ 

To conclude this section we have an important remark on the physical interpretation of lou, that 
arises if one combines the results presented above, on the Hadamard property fulfilled by uju in the full 
region ^ , together with the known achievements due to Fredenhagen and Haag [FH90j (see also the 
discussion Sec VIII. 3 in [Ha92j ). In such paper the authors showed that, whenever a state uj' is vacuum 
like far away from the black hole, its two-point function A'(a;, x') tends to zero when the spatial separation 
between x and x' tends to infinity and whenever it is of Hadamard form in a neighborhood of IKen, then, 
towards future infinity, the Hawking radiation appears. More precisely, if /i is a compactly supported 
smooth function supported far away from the black hole, they show that, for positive large values of T, 
the expectation value of A'{/3^ (h), (3^ (h)), interpreted as the response of a detector, is composed by two 
contributions. One relates the signals received by outward directed detectors (looking away from the 
collapsed star) and such contribution is completely due to the Boulware vacuum. The other one takes, 
instead, the approximated form 



valid at positive large T and assuming that the support of h stays in a region r >> R > 0. Above |_D£(e)p 
is the (gravitational) barrier penetration factor at energy e. Furthermore |/i;m(e)P is the sensitivity of 
the detector to quanta of energy e and to angular momentum individuated by the quantum numbers / 
and m, found employing an approximated mode decomposition as displayed in equation (VIII. 3. 45) of 
[Ha92 ] . Formula ([60]) shows that the asymptotic counting rate is the one produced by an outgoing flux 
of radiation at temperature 1/Ph modified by the barrier penetration effect. 

We stress that, as uju is of Hadamard form on the Fredenhagen-Haag's result can be applied to the 
Unruh state, proving that it describes the appearance of the Hawking radiation near S"*" as described in 



WF{Au) C {{x, y, kx, ky) eT*{^x^)\ {0}, {x, kx) ^ (y, -ky), kx > 



0} 




(60) 
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([SO)) . Here, the splitting oi Au{l3!^\h), p!^\h)) in the two contributions Aj{{p!f\h), l3!^\h)), due to 
and Acj- (/3y (ft,), (ft,)) due to 3~ is aheady embodied in the very construction of uj(j as luj^^^uiq- . 
Furthermore, they coincide separately with the two terms surviving in the limit T — )■ +00 according to 
the analysis given in [FHQOj . This last extent can be shown by invariance of uju under /3'-^\ hence 
moving towards the past the Cauchy surface used in fFH90^ , instead of moving the support of ft towards 
the future. In the limit T +00, the contribution due to !K, gives rise to the expression (4.13) in |FH90j 
in particular. Finally, one can follow almost slavishly the very steps of |FH90j . which are based on the 
asymptotic behaviour of the solutions of the Klein-Gordon equation in W, to get ([60)) . 
As a last comment, we emphasize that this result is stable under perturbations of the state coij that 
involve only modification of uj^ in such a way that its integral kernel, seen as an hermitian map on S(!K), 
differs from the one of Aj<; in ()28p by a smooth function on J{ x J{, integrable in the product measure 
{dU A dS^) A {dU' A dS'^). Let us indicate by ui" the perturbed state and by A" its two-point function, 
which is supposed to be a well defined distribution in '2>'{^ x ^); per direct application of Lebesgue's 
dominated convergence theorem, one finds that the contribution due to the perturbation vanishes at large 
T under the action of , so that: 

lim A"(/?^-^V ® Pr^^h) = Ac/(/ (g) ft) . /, ft e C^{W) 

T — >oo 

This is tantamount to claim that, for large positive values of T, lo" tends weakly to the Unruh state. In 
other words, far in the future, the effects seen in w" coincide with those shown in tou, hence the Hawking 
radiation also appears in the perturbed state. 

5 Conclusions 

In this paper we employed a bulk-to-boundary reconstruction procedure to rigorously and unambiguously 
construct and characterise on ^ {i.e., the static joined with the black hole region of Schwarzschild space- 
time, event horizon included) the so-called Unruh state uij. Such state plays the role of natural candidate 
to be used in the quantum description of the radiation arising during a stellar collapse. Furthermore we 
proved that lju fulfils the so-called Hadamard condition, hence it can be considered a genuine ground 
state for a massless scalar field theory living on the considered background. Overall, the achieved result 
can be seen as a novel combination of earlier approaches |DMP06l IMo08[ IDMPOQal IDMPOQb] with the 
theorems proved in [SVOOj as well as with the powerful results obtained by Rodnianski and Dafermos in 
|Dk05[[DH07lim09) . 

Therefore we can safely claim that it is now possible to employ the Unruh vacuum in order to use the 
analysis in |FH90j as a starting point, to study quantum effects such as the role of the back reaction of 
Hawking's radiation, a phenomenon which was almost always discarded as negligible. 

At the same time it would be certainly interesting to try to enhance the results of this paper since, as 
one can readily infer from the main body of the manuscript, uu has been here constructed only on It 
is worth stressing that it is, however, possible to extend uju to the whole Kruskal manifold following our 
induction procedure, defining a further part of the state on 9^. The obtained state on the whole Weyl 
algebra W{J^) would be invariant under the group of Killing isometries generated by X and without zero 
modes, if one refers to the one-parameter group of isometries. The problem with this extension is related 
with the Hadamard constraint. Indeed, we do not expect that this extension is of Hadamard form on !K, 
due to a theoretical obstruction beyond Candelas' remarks |Ca8Q) . In view of the uniqueness and KMS- 
property theorem proved in [KW91j for a large class of spacetimes including the Kruskal one, the validity 
of the Hadamard property on the whole spacetime together with the invariance under X and the absence 
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of zero-modes imply that the state is unique on a certain enlarged algebra of observables s^^ on ^ . Fur- 
thermore it coincides with a KMS state with respect to the Killing vector X at the Hawking temperature, 
i.e. it must be the Hartle-Hawking state for a certain subalgebra of observables jz/q/ C £^ supported in 
the wedge W . These algebras are obtained out of a two steps approach. At first one enlarges W(^) to 
whose Weyl generators are smeared with both the standard solutions of KG equation with compactly 
supported Cauchy data in and a certain class of weak solutions of the same equation. Afterwards one 
restricts this enlarged algebra to a certain subalgebra of observables s^^i supported in z^, in a suitable 
sense related with the properties of the supports of the smearing distributions across the Killing horizon. 
With respect to our state we know that the KMS property is not verified in a neighbourhood of 3~ , so we 
do not expect that any extension of that state satisfies there the KMS property. Nonetheless the issue is 
not completely clear since the extension we are discussing and the failure of the KMS condition are both 
referred to "^{W) rather than ^/q/- Hence further investigations in such direction would be desirable. 
A further and certainly enticing possible line of research consists of using the very same approach dis- 
cussed in this paper in order both to rigorously define the very Hartle-Hawking state and to prove its 
Hadamard property; although, from a physical perspective, this is certainly a very interesting problem, 
from a mathematical perspective, it amounts to an enhancement of the peeling behaviours for the solu- 
tions of the Klein-Gordon equation discussed by Rodnianski and Dafermos, also beyond what recently 
achieved in |Luk09| . Although there is no proof that the obtained ones are sharp conditions, the high 
degree of mathematical specialisation, needed to obtain the present results, certainly makes the proposed 
programme a challenging line of research, which we hope to tackle in future papers. 
As an overall final remark, it is important stress that all our results are only valid for the massless case, 
since the massive one suffers of a potential sever obstruction which is the same as the one pointed out in 
[DMP06j . To wit it appears impossible to directly project on null infinity a solution of the massive wave 
equation and, hence, the problem must be circumvented with alternative means, as it has been done, for 
example, in Minkowski spacetime in [DaOSaj . A potential solution of this puzzle in the Schwarzschild 
background would be certainly desirable. 
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A Further details on the geometric setup. 

In this paper, the extension of the underlying background to include null infinities as well as a region 
beyond them, plays a pivotal role and we shall now dwell into a few more details. To this end, one purely 
follows [SW83| and rescales the global metric g in ([l]) by a factor l/r^ after which one can notice that 
the obtained manifold (^,g/r^) admits a smooth larger extension {^,g). We have to notice that, in 
this case, the singularity present at r = in (^, g) is pushed at infinity in the sense that the non-null 
geodesies takes an infinite amount of affine parameter to reach a point situated at r = 0. The extension 
of (^,5) obtained in this way does not cover the sets indicated as and iq in figure 1 and figure 2, 
though it includes the boundaries 3* , called future and past null infinity respectively. These represent 
subsets of ^ which are null 3-submanifold of formally localised at r = +00. 
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Figure 2: The Kruskal spacetime J(f is the union of the open regions IJI,III, and IV including their 
common boundaries. ^ is the union of I and /// including the common boundary "Kev The conformal 
extension oi ^ beyond 9+ and is the gray region. The thick lines denote the metric singularities 
at r = 0. 

Let us now examine the form of the rescaled extended metric restricted to the Killing horizon "K as 
well as to the null infinities 9^. Per direct inspection, one finds that, if one fixes O = 21/, which vanishes 
on IK, 

g\-yi= r| (-dn ®d\J - dlJ + h^i {9, 4>)) . 

In this case y e M is the complete affine parameter of the null g-geodesics generating !K and !K itself is 
obtained setting U = 0. This form of the metric is called geodetically complete Bondi form. 
The same structure occurs on 9+, formally individuated by v = +oo and on formally individuated 
hy u = — oo, where the metric g has still a geodetically complete Bondi form, namely 

g\<:s+ = —dn ® du — du + h§2 {9, 0) , 
where = —2/v individuates 9+ for Q = 0. Similarly 

^Cq- = —dO. ^dv — dv ^dCl + h§2 (6, ^) , 

where Cl = —2/u individuates for f2 = 

X = a„on9+, X = a„on9-. 

In both cases the coordinates u and v arc well defined and they coincide with the complete affine 
parameters of the null ji-geodesics forming 3+ and 9^ respectively. 

With respect to Killing symmetries, we notice that the g-Killing vector X is also a Killing vector for g 
and it extends to a ^-Killing vector X defined on Particularly, in it satisfies 

X = du on 3"*", X = dy on3~. 
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B Weyl algebras, quasifree states, KMS condition. 



A C*-algebra W(S) is called Weyl algebra associated with a (real) symplectic space (S, cr) (the symplectic 
form a being nondegenerate) if it contains a class of non-vanishing elements VF('i/') for all ■0 G S, called 
Weyl generators, which satisfy Weyl relation^: 

{W\) W{-i)) = Wi^y , {W2) Wi^)Wiij') = e"'^'^-'''''^^^Wi^ + . 

'W(S) coincides with the closure of the *-algebra (finitely) generated by Weyl generators. As a consequence 
of (Wl) and (W2), one gets: W{0) = I (the unit element), W{^y = VF(V')"\ ||W^(V')II = 1 and, out of 
the non degenerateness of cr, W{i/j) = W{ip') iff -0 = ?/;' • 

W(S) is uniquely determined by (S,(t) (theorem 5.2.8 in |BR022j ): Two different realizations admit 
a unique ^-isomorphism which transform the former into the latter, preserving Weyl generators, and 
the norm on W(S) is unique, since * isomorphisms of C*-algebras are isometric. This result implies that 
every GNS *-representation of a Weyl algebra is always faithful and isometric. It is also worth mentioning 
that, per construction, any GNS ^-representation of a Weyl algebra is such that the generators are always 
represented by unitary operators, but it is not the case for other *-representations in Hilbert spaces. 
W(S) can always be realized in terms of bounded operators on ^^(S), viewing S as a Abelian group and 
defining the generators as {W{^/j)F){i}') = e-Mi',i'')/2F{i} + 0') for every F S ^^(S). In this realization 
(and thus in every realization) it turns out that the generators W{ip) are linearly independent. A state 
uj on W(S), with GNS triple {SJuj,^uj, ^uj), is called regular if the maps R B t i-^ IlLj{W{tip)) are 
strongly continuous. In general, strong continuity of the unitary group implementing a *-automorphism 
representation /3 of a topological group G 9 5 i-^ /3g for a /3-invariant state w on a Weyl algebra W(S), 
is equivalent to lim.g^iuj{W{—ip)pgW{iJj)) — 1 for all e S. The proof follows immediately from 

||n^ {pg,w{ip ))n^ - {PgW{ip))nj\^ = 2-lu {w{-ij)pg,-igW{^)) - u {w{-^p)Pg-ig,w{^)) and 
n^(w(S))r!^ 

If UJ is regular, in accordance with Stone theorem, one can write Ii^{W{il))) — e*'^^'^'*'^), ct('0,<1'u;) being 
the (self-adjoint) field operator symplectically-smeared with ip. 

When W(S) = W(S(^)) is the Weyl algebra on the space of Klein-Gordon equation solutions as in 
Sec. 12.21 the field operator <&c^(/) introduced in that section, smeared with smooth compactly supported 
functions / € C^{J>^]R), is related with cr(i/),<I>„) by 

-^M) - cj{Ep^{f),<^^) for aU / e C^{,yr-R), 

where we exploit the notations used in Sec. 12.21 In this way, the field operators enter the theory in the 
Weyl algebra scenario. At a formal level. Stone theorem together with (W2) imply both R-linearity and 
the standard CCR: 

[L) a(a0-f 6V',$c.) = a(T(i/;,$„) + 6(7(0', $„), {CCR) [(7(0, $„), (t(i/;', $„)] = -1(t(i/;, V')^ , 

for a, 6 g M and 0, 0' S S. Actually (L) and (CCR) hold rigorously in an invariant dense set of analytic 
vectors by Lemma 5.2.12 in [BR022j (it holds if UJ is quasifree by proposition IB . 1[) . 

In the standard approach of QFT, based on bosonic real scalar field operators either a vector or a den- 
sity matrix state are quasifree if the associated n-point functions satisfy (i) ((7(0, <&)) — for all € 5 and 
(ii) the ri-point functions (cr(0i, <I>) • • • (7(0„, <&)) arc determined from the functions (cr(0i, $)(7(0j , $)), 
with i, j = 1, 2, • • • ,71, using standard Wick's expansion. A technically different but substantially equiva- 
lent definition, completely based on the Weyl algebra was presented in [KW91| . It relies on the following 

^Notice that in IKW91I a different convention for the sign of a in {W2) is employed. 
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three observations: (a) if one works formally with (i) and (ii), one finds that it holds (e*'^^'^'*)) = 
g-(cr(V',*)(T(i/',*))/2^ jjj turn, at least formally, such identity determines the n-point functions by Stone the- 
orem and (W2). (b) From (CCR) it holds {a{ip,<S>)a{tp' ,^)) = fiiip.ip') - {i/2)a{^,^'), where niip.ip') is 
the symmetrised two-point function {l/2){{a{ip, ^)a{ip' , -|- (cr(V'', ^)o'{ip, $))) which defines a symmet- 
ric positive-semidefincd bilinear form on S. (c) {A^ A) > for elements A = [e'°''^'^'*^ ~ I]+ i[e*'^^'^'*'' — /] 
entails: 

< 4Ai(V',V')M(V'',V'') : for every V', V'' e S , (61) 

which, in turn, implies that /i is strictly positive defined because cr is non degenerate. If one reverses the 
procedure, the general definition of quasifree states on Weyl algebras is the following. 

Definition B.l. Let W(S) be a Weyl algebra and fi a real scalar product on S satisfying 1161]). A state 
on W(S) is called the quasifree state associated with fi if 

UJ^{W{^l;))^e-^'^'''''l''>/^ , for all iP £ S . 

The following technical lemma is useful to illustrate the GNS triple of a quasifree state as established in 
the subsequent theorem. The last statement in the lemma arises out of the Cauchy-Schwarz inequality 
and the remaining part out of Proposition 3.1 in IKW91| . 

Lemma B.l. Let S be a real symplectic space with a non degenerate and ii a real scalar product on S 
fulfilling 161]} . There exists a complex Hilbert space and a map : S — > with: 

(i) is R-linear with dense complexified range, i.e. Kp,{S) + iK^{S) = H^, 

(ii) for allxP,^/ eS, {K^iP.K^i^') = - {i/2)a{^,^'). 

Conversely, if the pair {V\,K) satisfies (i) and a{il},ip') = —2Lm{K'ijj, K^p')^, with ijjjip' G S, the unique 
real scalar product fi on S satisfying (ii) verifies k61\) . 

An existence theorem for quasifree states can be proved using the lemma above with the following 
proposition relying on Lemma A. 2, Proposition 3.1 and a comment on p. 77 in |KW91| 1. 

Proposition B.l. For every ^ as in definition \B.1\ the following hold. 

(a) There exists a unique quasifree state LOf^ associated with fi and it is regular. 

(b) The GNS triple {SjLj^,Tli^^,fti^^) is determined as follows with respect to (Hp,_ftr^) as in lemma VB.U 
(i) ^u/^ is the symmetric Fock space with one-particle space H^. (ii) The cyclic vector VL^^^ is the vacuum 

vector of Sji^. (Hi) n^^^ is determined by Ili^^{W{'ip)) — e^'^^'^'^'^t^\ the bar denoting the closure, wher^ 

a{-)p,^^^) = ia{K^ip) ~ ia\Kf^^) , for all-tp eS 

a{(f>) and a^{(f>), € H^, being the usual annihilation (antilinear in (f>) and creation operators defined in 
the dense linear manifold spanned by the states with finite number of particles. 

(c) A pair (H,K) ^ (H^jX^) satisfies (i) and (ii) in lemma [B.l\ for /i, thus determining the same 
quasifree state LOfj_, if and only if there is a unitary operator C/ : ^ H such that UKf^ = K . 

(d) LD^ is pure, i.e., its GNS representation is irreducible if and only if Kf^{S) = H^. In turn, this is 
equivalent to 4/i(-0','0') = sup^gs\{o} V') for every ip' S S. 

^The field operator $(/), with / in the complex Hilbert space f), used in [BR022] in propositions 5.2.3 and 5.2.4 is related 
to o'(V'i ^) by means of (T{ip, = ^/2^{iKf^tp) assuming H = f). 
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Remark B.l. 

(1) Kf^ is always injective due to (ii) and non degenerateness of a. 

(2) Consider the real Hilbert space obtained by taking the completion of S with respect to fi. The re- 
quirement (|61[) is equivalent to the fact that there is is a bounded operator S everywhere defined over the 
mentioned Hilbert space, with S = —S*, \\S\ \ < 1 and such that ^a{tp,'4'') = iJ,{tp, Sip'), for all "ip^ip' S S. 

(3) The pair (H^t, AT^) is called the one-particle structure of the quasifree state w^. 

Let us pass to discuss the KMS condition [Hu72[ [Ha92[ IBR022] . KMS state are the algebraic counterpart, 
for infinitely extended systems, of thermal states of standard statistic mechanics. There are several dif- 
ferent equivalent definitions of KMS states, see [BR022| for a list of various equivalent definitions. While 
bearing in mind Definition 5.3.1 and Proposition 5.3.7 in |BR022) . we adopt the following one: 

Definition B.2. A state on a C*-algebra ^ is said to be a KMS state at inverse temperature 

/3 S M with respect to a one-parameter group of ^-automorphisms {atjteR which represents, from the 
algebraic point of view, some notion of time-evolution if, for every pair A, B € .s/, and with respect to 
the function R3t^uj {AatiB)) =: F^^^j^{t), the following facts hold. 

(a) F^^'^g extends to a continuous complex function P'^^g — Fj^g{z) with domain 

'D^={zeC\0<Imz<P} if/3>0, or ^ {z e C \ (3 < Imz < 0} if /? < 0, 

(b) f'^^ = F^^^{z) is analytic in the interior of Z3^; 

(c) it holds, and this identity is - a bit improperly - called the KMS condition: 

F^l{t + i(3)^u; {at{B)A) , for aU t e M. 

With the given definition, an {at}tgR-KMS state oj turns out to be invariant under {at}tes. |BR022) : the 
function Dp 9 z i-^ f'^^^z) is uniquely determined by its restriction to real values of z (by the "edge of 
the wedge theorem") and sup;^^!^^^^! = supg^,^ l-^i^sl (by the "three hues theorem") [BR022] . 
Equivalent definitions of KMS states are obtained by the following propositions, the second for quasifree 
states, due to Kay [Ka85b|rKW91j and relying upon earlier results by Hugenholtz |Hu72j . We sketch the 
proofs since they are very spread in the literature. 

Proposition B.2. An algebraic state lo, on the C* -algebra si , which is invariant under the one- 
parameter group of -automorphisms {at}tes. is a KMS state at the inverse temperature /3 S K i/ and 
only if its GNS triple {3~Cuj,^uj,^uj) satisfies the following three requirements. 

(1) The unique unitary group W 3 t i-^ Ut which leaves Quj invariant and implements {at}teR - i-e. 
Hu {at{A)) = Utllui{A)Uf for all A s/ and t gM. - is strongly continuous, so that Ut = e**^ for some 
self-adjoint operator H on !Kaj. 

(2) (i^) C Dom [e-l^"'"^) . 

(3) There exists an antilinear operator J : — s- Jf^^ with J J — I such that: 

Je-'^" = e-'^"j for all t e R, and e-^"^^U^{A)n^ = jn^{A*)n^ for all A es/. 

Proof. A {at}tgR-KMS state with inverse temperature (3 is {atjtgK-invariant and fulfils the conditions 
(1), (2) and (3) due to Theorem 6.1 in |Hu72| . Conversely, consider an {atjfgR-invariant state u) on 
£/ which fulfils the conditions (1), (2) and (3). When A and B are entire analytic elements of s/ (see 
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[BR022) '). R 9 t ^abW uniquely extends to an analytic function on the whole C and thus (a) and 
(b) in def. EH are true. (1), (2), (3) and e^^rj^ = il^, for all z eU^ (following from (2) and (3)) also 
entail (c): 

uj{at{B)A) = {ii^, Utii^{B)u*ii^{A)n^) = {n^{B*)n^, u*ii^iA)n^) = {ju;n^{A)n^, jn^{B*)n^) 
= (f/;e-'^^/2n^(A*)r!^, e-''"/^iiUB)n^) = {n^, n^(A)e'(*+*«^n^(B)e-'(*+*«^17^) = Fi%it + ip) . 

The validity of conditions (a), (b) and (c) for entire analytic elements A,BG£/ implies the validity for 
all A,B£ £/, as established in [BR022] (compare Definition 5.3.1 and Proposition 5.3.7 therein). □ 

Proposition B.3. Consider a quasifree algebraic state on the Weyl-algebra 'W(S), with one-particle 
structure (H^jK^J. Assume that u>^ is invariant under the one-parameter group oj automorphisms 
{at]teM, which is implemented by the strongly continuous unitary one-parameter group R 9 1 1-^ Vf = e*'^'* 
in the one particle space so that Ut in proposition \B.B is the tensorialization of Vt- The following 
facts are equivalent. 

(a) Lo^ is a KMS at the inverse temperature /? € R with respect to {afjtgR. 

(b) There is an anti-unitary operator j ; — )■ with jj = / and the following facts hold: 

(i) K^(S) C Dom [e-^l^^^, (ii) [j.Vt] = for all t e R, (iii) e-^/^/^K^^ ^ -jK^V' for all £ S(J{^). 

(c) K^(S) C Dom (e-s/^/i^ and {e-''*''x,y) = {e-'^''/^y,e~'*''e''l'^''^'^x) ifx,y£K^{S) andteR. 

Proof, (a) is equivalent to (b) as proved on pages 80-81 in |KW91| . (b) entails (c) straightforwardly. If 
one assumes (c) and exploits (i) of lemma IB.ll j : — > H^, which fulfils (b), is completely individuated 
by continuity and anti-linearity under the request that jK^?/) = —e~^^'^Kf^ip when S S. □ 

C Proofs of some propositions. 

Proof of Lemma l2.1l As in Appendix El let us consider the conformal extension g) of the spacetime 
{^,g) determined in ^SW83^ where g — g/r^ in ^ (see figure 2). In view of the previously illustrated 
properties of Ep^ , if ip £ S(^), there is a smooth function f^p with support contained in ^ and such that 

(p = Ep^f^, and suppcp £ {suppf^; ^) U {suppf^p; Since J^{suppf^]^) C J^{suppf^p;^), 
the very structure of ^ (see figure 2) guarantees that, if the smooth extension ip of rip in a neighbourhood 
of 3^ C ^ exists, it must have support bounded by constants w^'^^ u^*^) e {—oo, oo). Here we adopt the 
relevant null coordinates in the considered neighbourhood: {Q,u, 9, (j)) or {Q,v,6,(j)) respectively, where 
= 1/r in 'W. Furthermore, in view of the shape of J^{suppf^\ the analogous property holds true 
for the support of ip in W . The existence of ip can be established examining the various possible cases. To 
start with, let us assume that suppf^ C W . Let p e be in the chronological past of suppf^ sufficiently 
close to i~. Afterwards, let us consider a second point q beyond S"*", though sufhciently close to so 
that the closure of ^p.q = I~^{p; ^) n /~ {q; ^) does not meet the timelike singularity in the conformal 
extension of ./# on the right of 3^. Let us consider -yVp^q as a spacetime equipped with the metric g. It is 
globally hyperbolic since, per direct inspection, one verifies that the diamonds J'^ (r; ^p^q) fl J~ {s^jVp^q) 
are empty or compact for r, s € ^p,q while the spacetime itself is causal. Hence Ep~ is well defined 
and individuates a solution ip = Ep~f^p of the Klein-Gordon equation associated with Pg, as in ([5]), with 
5 = g/r^. Thanks to the properties of the Klein-Gordon equation under conformal rcscaling [ Wa84] . 
one has Ip = rip va ^ because If = gjr^ therein. If we keep p fixed while moving g in a parallel way 
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Figure 3: The gray region indicates the globally hyperbolic subspacetime ^p,q of the point p even- 
tually tends to i~. 

to 5^ towards , one obtains an increasing class of larger globally- hyperbolic spacetimes jVp.q and, 
correspondingly, a class of analogous extensions ip on corresponding ^p,q. Furthermore, if one considers 
two of these extensions, they coincide in the intersections of their domains (see figure 3). In order to 
draw these conclusions, we exploited of the uniqueness of the solution of a Cauchy problem as well as 
the property according to which any compact portion of a spacelike Cauchy surface of a globally hyper- 
bolic spacetime can be extended to a smooth spacelike Cauchy surface of any larger globally hyperbolic 
spacetime BS06^. Hence the initial data can be read on the larger spacelike Cauchy surface, also thanks 
to its acausal structure (Lemma 42 from Chap. 14 in |0'N83| ). Accordingly, a smooth extension of rip 
turns out to be defined in a neighbourhood of 3+ and an almost slavish procedure yields the analogous 
extension on Let us now suppose that suppf^p C In such case ip cannot reach 3+ and, thus, the 
only extension of rp concerns The employed procedure is similar to the one above, though the class 
of globally hyperbolic spacetime is constructed as follows. Let us take a point p beyond 3~ sufficiently 
close to and let us consider the intersection ^ = I^{p; ^) H /~ (^; If one moves p parallelly to 
5~ drawing closer to i^, one obtains an increasing class of globally hyperbolic spacetimes. equipped with 
the metric g = g/r^, and, correspondingly, a class of solutions of the rescaled Klein-Gordon equation. 
These define the smooth extension pi of rp in an open neighbourhood of 3~ . Let us now consider the case 
where suppf^p is concentrated in an arbitrarily shrunk open neighbourhood of "Kev ■ While the behaviour 
of (/3 in a neighbourhood of mimics the previously examined one, that around 5"*" deserves a closer 
look mostly with reference to the construction of the relevant globally hyperbolic spacetimes. To this 
end, let us fix a point p ^ W in the chronological past of suppf^ sufficiently close to J{. Afterwards, let 
us consider a smooth spacelike surface E in the chronological future of suppf^, which lies in the past of 
i"*" in ^ and it intersects 5"*" for some u — uy.- The relevant class of globally hyperbolic spacetimes is 
now made of the sets == J^(E;^) n J^{p;^) when S moves towards i+. It remains to consider 

the case where suppf^p intersect !Ke«, but it is not confined in a small neighbourhood of IHgy. In this case, 
if one takes into account the linearity of both the causal propagator and Pg, we can reduce ourselves to a 
combination of the three above considered cases. If one decomposes the constant function 1 in as the 
sum of three non-negative smooth functions 1 = /i + /2 + /a, with /i supported in £§, /2 supported in W 
and /a supported in an arbitrarily shrunk open neighbourhood of Diev , we have f^p = f^-fi + f^p-,f2 + fip'f3- 
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If we fix r^pi = rEp^ (/^ • fi), i = 1,2, 3, each wavefunction can be treated separately as discussed above, 
hence yielding corresponding extensions cpi to 5"*". The sum of these extensions is, per construction, the 
wanted one ip of np. The same procedure applies to the case of 3^. □ 

Proof of Proposition [2711 (a) We consider the proof for the case oi t > 0, i.e., the behaviour of the 
wavefunctions about Oiev and 9"'" only) , the remaining case being then an immediate consequence of the 
symmetry X —X of the Kruskal geometry. 

To start with, it is worth noticing that each of our coordinates u, v amounts to twice the corresponding 
one defined in |DR09| and the difference of our r* and that defined in [DR09] is 3m + 2mlnm. 
The bounds concerning the constants Ci and C3 are proved in Theorem 1.1 of [DR09| . Here, sufficiently 
regular solutions of the massless Klein-Gordon equation are considered and initial data are assigned on 
a smooth complete spacelike Cauchy surfaces of the full Kruskal extension of ^ which is asymptotically 
flat at spatial infinity. Furthermore it is imperative that the said data vanish fast enough at space infinity. 
In our case these requirements are fulfilled because the elements of S(^) are smooth and have compact 
support on every smooth spacelike, hence acausal, Cauchy surface of therefore we can employ the 
results in |BS06| to view these as Cauchy data on a smooth spacelike Cauchy surface of the full Kruskal 
extension. The bound which concerns C2 has the same proof as that for Ci because, when ip € S(./#), 
X{lp) E S X itself being a smooth Killing vector field. To conclude the proof, it is enough to 
show the last bound, related with the constant C4. To this end, let us fix (/? G S(^) and re-define, if 
necessary, the origin of the killing time i in in order that u^^"^ > 2, where u^"^) is the constant defined 
in Lemma 12.11 Now we focus on the proof contained in sec. 13.2 of [DR09| and particularly on the 
part called "decay in r > R" which concerns the bound associated with C3. We want to adapt such 
proof to our case, replacing the solution there considered with our X(ip), so that also r0 is replaced by 
rX{(p) — X{rip) in 'W. Furthermore it smoothly extends to X{ip) on U S"*". It is remarkable that it 
suffices to prove the bound in the region {r > R} O {t > 0} in W, since it would then hold on 3+ per 
continuity. 

One should notice that only the region {r > _R} n {t > 0} n {u > 2} has to be considered. Indeed, in the 
set {u < 2} n {v > Wq'''''} fo'' some v^''^'' € R, X{ip) vanishes due to Lemma [2.11 Hence X{(p) vanishes in 
{r > R}n{t > 0}n{u < 2}n{v > v^"^^}, trivially satisfying the wanted bound. The region individuated 
by {r > R} f] {t > 0} {u < 2} {v < Wp'''^} i^: moreover, compact thus X{(p) is bounded therein and it 
also satisfies the looked-for bound. 

In the region {r > R} n {t > 0} n {u > 2}, along the fines of p. 916-917 in |DR09j . though with (p replaced 
by (p' = X((p), we achieve, out of a Sobolev inequality on the sphere 

r''\ip'{u,v,e,(t,)f <C f r^\ip'fd8^+C f \rpip'\\^d§^+cf ^ /7/7^f) r^dS^ 
Js^ Js^ Js^ 

where /7 denotes the covariant derivative with respect to metric induced on the sphere of radius r, while 
dS^ is the volume form on the unit sphere. If the squared angular momentum operator is denoted as 
57^ = /\7/V the above inequality can be re- written as: 

r'^\ip'{u,v,6,(t))\^ <C [ \n"(p'\^r^dS^ + C [ \n" ip' \\n^ ip' \ dS^ + C [ \n^ip'\^ r'^dS^ . (62) 

To conclude it is sufficient to prove that, for fc = 0, 1, 2 and ii r > R, u > 2, t > 0: 

[ \n''ip'\^ r^dS^ < Bk/u^, (63) 
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for some constants B^, > 0. Let us notice that, in view of Cauchy-Schwartz inequality, the second integral 
in the right hand side of is bounded by the product of the square root of the integrals with k — 
and A: = 1 in the left-hand side of If we follow |DR09j and if we pass to the coordinates (t, r* , 0, (f)) 
(see Section and for some constant D >{): 



+D f f \dpn''ip'\\n''ip'\r'^{t,p,9,(l3)dpdS'^ +D f f \n''ip'frit,p,0,(l>)dpdS'^ . (64) 

Jf JS2 Jf, Jg2 

If we stick to [DR09) , the parameter r* > R* can be fixed so that the first integral in the right-hand side 
satisfies 

n'^Lp'f r^{t,f* ,6,(j))d^'^ < E2/t^ < i?2/u^ (65) 

where the constant E2 was defined in |DR09| and it depends on H.'^cp' e S(^). Here we have also used 
the fact that u — t — r* > 2 with r* > and t > 0; hence that u < t. From now on, our procedure 
departs form that followed in [DROQi. With respect to the third integral in the right-hand side of ([64]) . 
it can be re-written 

{dtn''ipfr{t,p,e,(l>)dpdE:^ < const, f f {dt^'^ipfr^it, p,e,(f))dpdS'^ < F(§), 

where S is the achronal hypersurface individuated by the fixed time t, the interval [f*,r*] and the 
coordinates {0,(j)) which vary over S^. F{§) is then the flux of energy through § associated with the 
Klein-Gordon field H.'^ip. Theorem 1.1 in jDR09| assures now that, for some constant C", which depends 

on LP, 

F{$) <C'/v+{§f + C'/u+{§f , 

where w+(§) = max-^infg f , 2} and u-|_(§) = maxjinfg u, 2}. In our case, per construction, we have 
maxjinfg v,2} > t + R* and maxjinfg u, 2} = u{t, r* , <j), 9). For i > 0, r > i?, u > 2, one can conclude: 

|17Vf P, 9, cb)dpdS' < + ^ = + -,<%^ 

f Js^ {t + R*y u (w + r*+i?*)2 

and thus 

K 

Let us finally consider the second integral in the right-hand side of ([M)) . We notice that 

\dp^t^'\^r{t,p,9,cj)fdpd^'' < F'(S), 

where F'{§) is the flux of energy through 8 associated with the Klein-Gordon field VL^tp' . If we deal with 
it as before, we obtain the bound 

|c>pl]V?^(i, P, 0, <j>fdpd^'' < ^ . (67) 

§2 U- 



n''(p'\^r{t,p,9,<t))dpdS^ <const. I / \n''(p'\^r{t, p,9,<j>fdpdS'^ < —. (66) 
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The Cauchy-Schwartz inequahty, together with (|66p and ([S7)) . leads to 



/ [\dpn''^'\\n''ip'\r{t,p,0,<j>fdpdS^<^. (68) 

If one puts all together in the right-hand side of ((64|) . the bounds (l65|) . (l66|) and ([68|) yield ([63|) . 
(b) Let us fix E as any smooth spacelike Cauchy surface of Notice that if the sequence of initial data 
converge to zero in the test function topology on S, there is a compact set C C S which, per definition, 
contains all the supports of the initial data of the sequence. In view of BS06 , we can construct a smooth 
spacelike Cauchy surface S' of the complete Kruskal manifold J^, which includes that compact. Thus, 
the sequence of initial data tends to in the test function topology of E' as well. Such data on S can be 
read on E' since the supports of the solutions cannot further intersect S' as it is acausal. From standard 
results of continuous dependence from compactly-supported initial data of the smooth solutions of hyper- 
bolic equations in globally hyperbolic spacetimes (see Theorem 3.2.12 in |BGP96j ). if the initial data on 
a fixed spacelike Cauchy surface S' tend to in the test function topology, then also the solution tends 
to in the topology of C°°(J^;E). At the same time, as one can prove out of standard results on the 
topology of causal sets {e.g., see |Wa84| and particularly theorems 8.3.11 and 8.3.12 in combination with 
the fact that the open double cones form a base of the topology) J+(C;^) U J^{C;-J(f) has compact 
intersection with every spacelike Cauchy surface of since C is compact in E'. So all initial data on E" 
of the considered sequence of solutions are contained in a compact, too. From these results we conclude 
that, if the initial data tend to in the test function topology on S', the associated solution, whenever 
restricted on any other Cauchy surface S" C yields, per restriction, new initial data, which also tend 
to 0. For convenience, we fix S" as an extension of the spacelike Cauchy surface of W (whose closure 
intersects !B) individuated in 'W as the locus t = 1. If we refer to (a), one sees that the coefficients Ci are 
obtained as the product of universal constants and integrals of derivatives of the compactly supported 
Cauchy data of both (p, and, where appropriate, X{(p) over E" n W. This is explained in Theorem 1.1, 
Theorem 7.1 as well as in the formulae appearing in sec. 4 of DR09 , though one should reformulate 
them with respect both to r* and to the global coordinates U and V instead of u, v and r). From these 
formulas it follows immediately that the constants Ci vanish provided that the Cauchy data tend to in 
the test function topology on E", and this requirement is valid in our hypotheses. □ 

Proof of Proposition [3T2] (a) To start with, we notice that, by direct inspection, as shown in [KW91| 
and [Mo08' , though the angular coordinates {6, (/>) substituted by the complex ones {z, z) obtained out of 
stereographic projection, it turns out that: 

{^+,^'+)h^= f Jl{K,e,c^W+{K,e,c^)2KdKhrldE' 



lim-!i/ ^^(S^^4^^rft/rAdf/.A.S^ 



0+ Ti" JmxRxS^ {Ui -U2- ie) 
for V.V'' e C^{'K;C). 

As a consequence we have obtained that the map M : C^(!K;C) 3 i; ^ ■ip+{K,uj) £ Hj^ is isometric 
and thus, per continuity, it uniquely extends to a Hilbert space isomorphism of (C^(J{;C), \kw) 
onto the closed Hilbert space M(C^(M; C)) C Hj£. To conclude the proof of the first statement in (a), it 
is enough to establish that M{C^{'K;C)) — H^. This immediately follows from the two lemma proved 
below. 

Lemma C.l. M(C^(J{;C)) includes the space S^o whose elements f = f{K,Lo) are the restrictions 
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to R_|_ X §^ of the functions in J^(R x S^) and they vanish in a neighbourhood of K = depending on f. 

Above and henceforth S^{M. x denotes the complex Schwartz space on M x S^, i.e. the space of 
complex- valued smooth functions on R x §^ which vanish, with all their if -derivatives of every order, 
as I if I — *■ -|-c» uniformly in the angles and faster than every inverse power of \K\. This space can be 
equipped with the usual topology induced by seminorms (see Appendix C of |Mo08| ). 



Lemma C.2. S% is dense in H^. 



Concerning (b), we notice that, if / G =5^o, if S J^o and that both vanish in a neighbourhood oi K ~ 0. 
Therefore, it is possible to arrange two real functions in c5^(!H), gi and g2 such that gi_^_ — f and ^2+ = if- 
With the same proof of Lemma FC. II one can establish that gi are the the limits, in the topology of Xkw, 
of sequences {f{i)n} C C^(M;E). We have obtained that every complex element of the dense subspace 
^0 C Hm is the limit of elements of F(^u) {C^{^; ^))- ^ 

Proof of Lemma IC.ll Let us take / G .S^q. As a consequence, it can be written as the restriction to 
M+ X §2 of F e ^(M X §2). In turn, F = for some g € ^(M x S^)^ since the Fourier transform is 

bijective from ^(K x §2) onto J^(M x S^) (gee Appendix C of |Mo08| ). Since C^(R x S^; C) is dense in 
■y{M. X S^) in the topology of the latter, there is a sequence {(?„} C C^(R x S^; C) with gn g in the 
sense of ^(R x S^). Since the Fourier transform is continuous with respect to that topology, we conclude 
that ^+{gn) F in the sense of y{M. x By direct inspection one finds that the achieved result 
implies that ^+{gn) \m^xS^—' F Tr+xs^ in the topology of every L?{M.+ x Ei^jcK^dK A r|(i§2) for every 
power n = 0, 1, 2, . . . and c > 0. Particularly it happens for n — c = 2. We have found that, for every 
/ G S^Q, there is a sequence in M{C^{M. x §2;C)) which tends to / in the topology of H^^^ and thus 
^0 C M(C(f (R X S2;C)). □ 

Proof of Lemma IC.2[ In this proof R^ = (0, +oo) and N* — {1, 2, . . .}. A well-known result is that 
C^((a,6);C) is dense in L'^{{a,b),dx) so that, particularly, C^((l/n, n); C) is dense in L'^{{l/n,n),dx), 
and, thus, if we introduce the new variable K = y/x, it turns out that the space C^((1/y^, \/n); C) is 
dense in i:2((l/^, 2KdK). 

Since, in the sense of the Hilbertian direct sum, (Bn&iLF'iii^/ \/nT\/n),2KdK) = L'^{M.*^,2KdK) (for 
instance making use of Lebesgue's dominated convergence theorem), we conclude that C^(R^;C) = 
U„gN-C(f ((l/n,n);C) is dense in L'^{m.\,2KdK) = L'^{M.+ ,2KdK) and, thus, there must exist a Hilbert 
base {/„}„6N C Co°°(R;;C). 

By standard theorems on Hilbert spaces with product measure, we know that a Hilbert base of the 
space L2(R+ x 'E>^,2KdK A r|(i§2) is {fnYm}n,m£n^ provided that {Fm}meN and {/n}rieN are respec- 
tively one for L2(§2, rldS^) and for L'^{E.+ ,2KdK). The elements Ym can be chosen as harmonic func- 
tions so that they are smooth and compactly supported. Therefore, if {/njnGN C C5^((0, -t-oo); C), it 
holds that {/nl^mjn.meN C Cg^ (R^ X §2;C) and, thus, trivially, the space C^(R!j, x S2;C) is dense in 
L2(R+ X §'^,2KdKArld§'^). Since it holds C5"(R+ x S^; c) C =5^0, the achieved result proves the thesis. □ 

Proof of Proposition [3731 We only consider the case of the proof for !K~ being identical, 
(a) If ^1,^2 G C5^(?C+;C), then: 



Xkw y i^2) — iim — — / — ^duiAdu2AdE> . (69) 



xRxS2 



sinh 
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It follows from Xjm/ (j27p . though working with the coordinates Ui, U2 and making an appropriate use of 
Sokhotsky's formula l/(x — iO+)^ — Xjx^ ~ iS'{x) (where is the derivative of the distribution ~l/x 
interpreted in the sense of the principal value) that a bounded strictly positive factor, which appears in 
front of e, cancels out. Let us notice that the required boundedness arises form the fact that the used 
test functions are supported in IK"*", so that they have compact support in the variables {u, 0, 0) G R x S^. 
In spite of the different relation between the coordinate U and u, the same result arises referring to JC^ 
instead of 'K'^ . We notice that the it- Fourier transform of the distribution — -t-t -, — K tt turns 

out to be just '^^dk'^ ■ Hence, the limit as e ^ 0+ of the integral in the right-hand side of ((69| 
can be interpreted as the i^(R x §^,du A dS^) scalar product of ipi and the the L^(M x §'^,dk A dS^) 



sinh i^^^ - iO+ 



with the 



function obtained by the u-convolution of the Schwartz distribution const./ 

compactly-supported function il)2- The convolution makes sense if one interprets V'2 as a distribution 
with compact support; it produces a distribution which is the antitransform of 'ip2diJ,/dk which, in turn, 
belongs to the Schwartz space by construction. Hence, up to an antitransformation, the said convolution 
has to be an element of L^(K x du A dS^) as previously stated. In this sense we can apply first the 
convolution theorem for Fourier transforms and, afterwards, the fact that the Fourier transform is an 
isometry, achieving: 



txRxS2 gj^^ ^ Ml-M2 ^ _ ,■ "1 ./bvS2 dk 



+0+ An 



XS2 



which implies that the map C^(J{+;C) B tp '-^ ^ ^ L^(M x S^,d/^(fc) A dS^) is isometric, when the 
domain is equipped with the scalar product Xkw- The fact that this map extends to a Hilbert space 
isomorphism : C^f>(5{+;C) ^ L'^{R x dfj.{k) A d§^) is very similar to the proof of the analogue 
for and the details are left to the reader. 

(b) Let us indicate by "0 = ^{"ip) the Fourier-Plancherel transform of V'j computed with respect to the 
coordinate u. Per definition, \i ip & S(J{+), one has -07 du4' G i^(R x A dS^), so that -0 belongs to 

the Sobolev space H^{'K+)u and,^equivalently, i) e L'^{R x dk A dS^) n ^^(R x §'^,k'^dk A dS^). The 
last inclusions also imphcs that 'ip belongs to L^(R x S^, \k\dk A dEP) and L^{R x S^,dfj, A dS^). Since 
C^(:K+; C) is dense in H^{3{+)u, if V' G S(M+), there is a sequence of functions G C^(?{+; R) with 
F(^+)(^„) = ^(0„) ^ 0, inthetopologyof bothL2(Rx§^dfcAd§2) and L2(R x S^, /c^dfcAdS^). In turn 

this implies the convergence in the topology of L^(R x S^, dfi/\dS'^). Since L'^{R x S-'^, dfiAdS"^) is isometric 
to C^{'K+;C), the sequence {V'n} is of Cauchy type in (C^(J{; C), A^vf)- For the same reason, any 
other {ip'n} e C^{'K~^;M.) which converges to the same ip, is such that 0„ — i/'^i ^ in (C^(J{; C), Axvy). 
Therefore ip is naturally identified with an element of (!K+ ; C) , which we shall denote with the same 
symbol ip. With this identification, for -0 G S(J{+), the fact that F(]^-^ i'lpn) —^ip — •^{ij-') in the topology 



of L^(R X S'^,kdk A dS^) implies that ^('^^(-0) = =^(0) by continuity of □ 

Proof of Proposition [374l The map is per construction linear. Let us prove that (a) is valid, i.e., 
Km does not depend on the particular decomposition (pij) for a fixed € S(M). Consider a different 
analogous decomposition ip = ip'_ +ipQ + ip'j^. We have that the two definitions of Kj<;0 coincides because 
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their difference is: 

= vT^^ = , 

Here we have used the fact that, per construction, ■ip± — and V'o — "00 belongs to C^(5{; M) and thus 

acting on each of them, produces the standard [/-Fourier transform indicated by^. 
(b) The statement is vaUd per definition of Kj{- Let us thus prove (c). From now on we write a instead 
of a-K- Let us take ij), V'' G S(J{) and decompose them as f/' = + '02 + V's and as -0' = V'l + V'2 + V's 
where ipi^i^'^ € S(J{+), V2, G C^i'K^M) and V3,V'3 e S(J{^). In this way we have: 

a(0, = 0i) + ^t(V'2, 02) + ^(^-3, 03) + ^(V-l, 02) + ^(^-1, 03) 

+ct(V'2, V'l) + ^(^-2, V's) + ^(^-3, V''l) + ^(^-3, V'2) ■ 

Let us examine each term separately. Consider cr(0i,'05.)- From now on = ^(0) is the Fourier- 
Plancherel transform of computed with respect to the coordinate u. Notice that ipi{~k, 9, cf)) = 

"01 (fc, 0, 0) since V'l and ■05^ are real. By direct inspection, if one uses these ingredients and the definition 
of dfj,{k), one gets immediately the first identity: 

ct(0i,0''i) = -2/m(?/>i, V''i)L2(RxSi,dMAdS2) = 
- = 2Im{F^u) o (F((+Vi(V^),F(„) o iFl+^)-\^,))mM^^s^,dKAds-) = -2Im{K^^P,, KmV'i)h„ , (70) 

The second identity arises form the fact that o (^('j^')^^ is an isometry as follows from (b) in 
Proposition 13.31 and (a) in Proposition 13.21 The last identity is nothing but the definition of Kj^. With 
the same procedure we similarly have 

(t(V'3,'03) = -2/m(Kjf0i, Kjf(/''i)H„ • 

If we refer to (t('02,V'2)i can employ the coordinate U taking into account that the support of those 
smooth functions is compact when referred to the coordinates {U, 9, 0) over J{. 

Hence, Ip2,tp2,duip2,duip2 S i^(R x E>'^,dU A dS^) so that, at a level of [/-Fourier transforms, it holds 
^2+, '$'2+ S i^(M-i- X dK A dS^) n L^{R+ x S'^,KdK A dS^). Finally, in the considered case, directly 

by the definition, Kj^^j — ^'2+ and \i-K'<p2 — "02+- If one uses the fact that ip2{—K,9,4') = tp2{K,9,(j)) 
since 4'2 and "02 are real, one straightforwardly achieves the first identity: 

O'(V'2,'02) = -2/m-(V'2+,'0'2+)L2(R+xS2,2K<iKAdS2) = 
= -2Im{F(^u)-lp2+,F(^u-)-lJj'2+)L^{R^xS^,2KdKAdS^) = -2/to(Kj<;'02, Kj<;V'2)hm , 

The remaining identities follow from the definition of ^"((7) and K^. As a further step we notice that 
a(V'i,0^) = = -2/m(KMV'i, KmV'3)h3, ^^(03,^;) = = -2/m(KM03, ^^i^[)H^ ■ 

Let us focus on the first identity, the second being analogous; it holds true because the functions have 
disjoint supports, whereas (Kj<:-03, Kj<:0J)hj^: = since, per direct application of (b) in Proposition 
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ipi £ S(Jf"'") is the limit of a sequence of real smooth functions fn^ with support in JC"*" whereas 
'03 G S(JC+) is the limit of a sequence of real smooth functions Z,!^' with support in . Hence 

/m(Kj^/(i), Kj^/i2))H„ = ImXKwifil\fi^^) 



duJ,^P{Ui,0, cj))f^^\U2,e, (b)S{Ui - U2)dUi A dU2 A ^§^(0, 0) ^ o, 

since Z^^-* and fm^ have disjoint support. Let us examine the term a {-tp 1,11:2): in this case we decompose 
01 = /i + 51 where /i e C^f (M+;R) and gi e S(J{+), but supp (51) n supp {ip'2) = 0- We have: 

0'(V'l,V'2) = cr(/i,l/'2) +0'(gi,V'2) ■ 

At the end of this proof we shall also prove that: 

^(01,0^) = = -2/m(KMV'i, KmV'2)h„ . (71) 

Conversely a{fi,ip2) — ~2/m(Kj£/i, Kj<;02)hmi exactly as in the case cr(02j'02) examined above. If we 
sum up, per M-linearity: 

a(0i,0^) = -2/m(K5r^/>i,Kjr0^)H„ • 
With an analogous procedure we also achieve: 

a{'>p2,tp'i) = -2/m(KMV'ii Kj{V'2)h„ cr(-(/'2, VJa) = -2/m(Kj<;-(/>2, Km?/;3)h„, 

and 

^(^-3, V'2) = -2/m(KM03, Km02)h:„ . (72) 
The identities d7ni) - ([7^ . per M-linearity, yield the thesis: 

(7(0,0') = -2/m(KM0', Km0')h:k ■ 



The proof ends provided we demonstrate (ffTj) . We only sketch the argument leaving the details to the 
reader. The proof is based on the following result. If G S(^K) and T e M, let us denote by 0t G S(J£) 
the function such that 0t(C^, &, 0) = '0(C7 — 2^, 6*, 0). It is possible to prove that 

(K5c(0-t)) {K, 9, 0) = e-*^'^ (Kjr(0-)) (/C, d, 0) . (73) 

The proof of ([75)1 is straightforward when 0" G (5{; M) , since, in such case K j<; is the positive frequency 
part of the [/-Fourier transform of 0. If ^ C^(J{;M), we can decompose it as 0_ -I- V'o + 0+, as in 
the definition of Kjf, fixing 0_ and 0+ in order that (■0±)t are still supported in (— oo,0) and (0, -l-oo) 
respectively if \T'\ < T. If one uses the fact, which can be proved by inspection, that - up to a re- 
definition of the initially taken 0„ - Co(JC+; K) 9 (0n)T ^ (0-h)t in H^{'K+)u if Co(?{+; M) 9 0„ ^ 0-h, 
one gets that ((75)) is valid for 0+. The very same argument applies also 0j_. The very definition of Kjf 



50 



entails the validity of ([75)) for every ip G S(J{), which, in turn, yields (|7ip immediately, because, in the 
examined case, 

(t(V'i,V'2) = = -2/m(KMV'i,KMi^2>H„. 

The left hand side vanishes as "01, V'2 have disjoint supports, whereas the right-hand side can be re- written 
as: 

-2/m(KM((5i)T),K5c((V'^)T)) . 

Such term is also vanishing, because we can fix T so that supp {{gijx) C 'K~ and supp ((V'2)t) C 
hence reducing to the case (t('0i, ^/^g) = = — 2/m(Kj<;'i/'i, Kj<;'i/'3)Hj^: examined beforehand, 
(d) is a trivial consequence of (c) : if KixV' = 0, then Im{Kj^ip, Kj{ip') — and thus acK{ip,ip') = for 
every ip' S S(JC). Since crj<; is nondegenerate, it imphes ip — 0. Let us prove (e). As C^(J£;R)) C S(J{), 



Hm = F(t,)(Co°°(J{;M)) = K^iC^i:K;m)) C KM(S(ai)) C and thus Km(S(J{)) = H 



The first identity arises out of (a) in Proposition 13. 2i the second out of (b) in Proposition 13.41 
We can now conclude proving (f). The continuity of with respect to the considered norm holds for the 
following reason. If {V'nlnsN C S(JC) and HV'tiIIm ~^ then, if we decompose ipn = ipQn + ip+n + ^-n, sep- 
arately, ipon and ip±n ^ in the respective Sobolev topologies. In turn K^{ipon) — Fij{ipQn) — » because 
the Sobolev topology is stronger than that of x dU A dS^) and K^{ip±n) for (b) in Propo- 
sition [3T3l Per definition of K^, it hence holds Kjf (■!/;„) 0. Thus the linear map Kj^ : S(!K) sH^hc 
is continuous it being continuous in 0. Particularly, we conclude, that there exists > (the value 
is not allowed since cannot be null function) with ||Kjf (V-')||Hjf < C'xIIV'll^ ^'-'^ every tp e S(J{). The 
Cauchy-Schwartz inequality implies the one displayed in (f). □ 

Proof of Proposition [3771 Let us define v — ii x > and v = —x"^ if u < .Per direct inspection 
one sees that, if VaV-' e C^(W_ x S2;R), 

^i. 9A)nv' A 4>)^^ , , ,,2(,^ ^) ^ j ^(..(x), M)^-(^(xV,0),^^ , , 

ixs2 (v-v'-iQ+Y 7r2xS2 {x'-x-iO+Y 



+ 



I ^(.(.)M)^-(.(-x2,M),^,,^,,,,2(,^^). 



At a level of a;-Fourier transform, let us denote as -0 = tpih, 6, cj)), with h E S. and {9, (p) E §^ the x-Fourier 
transform of 'ip{v{x)). Let us also define = V'tR+xS^, then, out of the fact that if (p is real valued, 

as it happens for ip and -0', then (p-f-{h, 6, cp) is the x Fourier transform of a; i— > (p{^x, 9, (p)), (|74p can be 
re- written as 



As+ (V',^'') = / ^p'+ih,9,(P)i;+{h,9,(P)2hdhAd^^ + 



XS2 



^'+{h, 9, (p) (CV;+) (/i, 6*, (P)2hdh A dS^ , (75) 

in^ 

the complex conjugation. Now let us take ip E S(5^) which is completely supported in M.^ x S^. Per 



-XS2 

where the operator C : iy^(M+ x §P,2hdh) — > i^(R+ x S'^,2hdh) is anti-unitary and it is nothing but 
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definition of S(S~), the function -0 = ip{v{x)) and its x-derivative belong to L^(R x EP,dx A and, 
thus, ip belongs to H^{Q'^)x. A sequence of functions tpn G C°°(M1 x §^;R) which converges to ip in 
H^{'^~)x can be constructed as ipn — Xn • V'j where Xn{x) = x(x/n) > with xi^) = 1 if a; G (—1, +oo) 
and x{^) = for ^ ^ ~2. Per direct inspection and thanks to Lebesgue's dominated convergence theo- 
rem, one achieves that C°°(M1 x §^;]R) 9 ^ 'f/; in H^(^^)x as n ^ +00. Consequently V'n ^ "0 both 
in L'^{R X S^, dh) and in x /i^d/i). Therefore i/'„+ ^ "0+ in the topology of L'^{R+ x 2/id/i). 

Finally, in view of (j75p and on account of the continuity of C, the sequence {i/'nlnGN is of Cauchy type 
with respect to Aq- . The same argument shows that, if C°°(R1 x S^;M) 9 Vn ^ "0 in as 
n +00, then Aq- (V'n — ip'^jipn — i^'n) as rt ^ +00. Hence (|40|) and (|4T|) are trivial consequences 
of what proved, which is tantamount to verify (a) and (b). □ 

Proof of Proposition [3751 The proofs of items (a),(b),(d),(e) as well as (f) are very similar to those of 
the corresponding items in Proposition l3.41 so they will be omitted. We instead focus our attention on (c), 
whose proof is similar to the same point (c) of Proposition [331 though with some relevant differences. Let 

us ake e S(3~) and let us decompose them as = 0o + '0i, "0' = i'o + i'i where 0o, V"! € C^(3~;IR) 
while '^pQ,^p[ are supported in (0, +00) x Since a = ctq.- and (,) = it holds 

cr(-0, = ct(0o, -00) + ^^(-00, -0^) + cr(-0i, ^o) + cr(-0i, ^i) . 

Exactly as in (c) of the Proposition 13. 4[ we conclude that 

o'('0o,'0o) = -2/77i(Kq-'0o, Kq^V^o) . (76) 

With reference to a{ipi,ip'i), we have instead: 

-2/m(KQ-0>i,Ks-0;) = -2/m(F(„)(V'i),F(,)(^'i)) = ~2Im\^-{^i,i,[) . 

If we make both use of ([H]) , and of the fact that the above identity can be used for -0i , ip[ as established 
in (b) of Proposition 13. 61 we have 

-2/to(Kcj-0;i, Kcj-V'i) = -2/m / 4>i^[2hdh A dS^ - 2/m / ^i4>[2hdh A dS^ , 

where Tp{h,9,(j)) is the a;-Fourier-Plancherel transform of V' = ''P{v{x),6,(j)). The last term in the right- 
hand side can be omitted for the following reason. If we look at (f74|) . we see that —iO~^ can be replaced 
by +iO~^ without altering the result, since the functions in the numerator have disjoint supports. This 
is equivalent to say that, in the right-hand side of (j75p . the last term can be replaced with its complex 
conjugation without affecting the final result. Finally, this means that the identity written above can be 
equivalently recast as 



-2/to(Kq+0)i, KQ--0i) = -2/m / ■0i'0i2M/i A - 2/m / -01012^/1 A dS^ . 
As a consequence the last term can be dropped, so that: 

-2/m(Kcj+V'i,Kcj-'0i) = -4/m / 4>ihip[dh /\ dE,^ ^ 2i [ ^/jihiP'idh A d§^ = ai^puij^) . (77) 

jR+xS2 JrxS2 

In the last passage we have used that —ihijj'i is the x-Fourier transform of d^ipi, and that the integration 
in (7 (0^1, -05^) can be performed in the variable x since the singularity of the coordinates at a; = is 
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irrelevant, the supports of ipi and ip'i being away from there. One should also notice that these functions 

are real so that 'ipi{h,9,(j)) = ipi(—h,9,(j)). Let us consider the term a{'ipOy'4'i) the other, (t('(/'i, i/jq) can 
be treated similarly. To this end, let us decompose ^p[ — (j)'^ + 0'^ in order that 0q g C^(9~;M) 
and the support of is disjoint from that of -00- Therefore: cr('!/'Oi V'l) = '''(V'Oj'/'o) + f(^Oi'/''i) = 
—2Im{Kcf+ipi, Kcj^cjj'i) + (j{ipo, ^i) . Since we shall prove that: 

a(^o,0'i) = 0= -2/m(Kcj-^o,KQ+0;) , (78) 

we also have that 

o-('(/'o, V'l) = -2/m(Kcj-'(/'o, Kq-i/'i) i and similarly, cr(V'i,i/'o) = -2/to(Kcj-'0i, Kq-Vo) : 
which, together ([75]) and ([77|) implies the validity of (c) by bi-linearity: 

To conclude, it is enough to prove ([75]) . The left-hand side vanishes since the supports of the functions 
iPotiPi are disjoint by construction. Hence it remains to verify that Im{Kcg+ipo, Kcg-(j)[) = 0. If it were 
supp (V^o) C (— cx),0) X and supp (0'^) C (0, +oo) x one would achieve /m(Kcj- Vo, Kq.-^'^) — 
through the same argument used in the corresponding case (that of (T{ipi, V'a)) in the proof of (c) of the 
Proposition [2131 To wit, one should employ a sequence of real smooth functions which tends to in the 
topology of Ag,- and with compact supports all enclosed in (0, +oo) x EP. Such a sequence exists in view of 
Proposition [2111 As a matter of fact, we can focus our attention to the lone case supp (-00) C (— oo, 0) x §^ 
and supp {(p'l) C (0, +00) x S^, thanks to the following lemma which will also play a pivotal role in the 
proof of (b) of Theorem 13.21 

Lemma C.3. For tjj e S(3^) and L e M, let G S(5^) denote the function with l{v , 9 ^ (j)) = 
ijj{v ~ L, 9, (p) for all V and 9,(j) G With the given definition for Kq,- : S(3^) — > Hg,- , it holds: 

(KQ-VL)(fc,^,0) =e-'"(Kcj-^)(A:,0,0), V(fc, 0, 0) G R+ x . (79) 

Proof of Lemma \C.3\ Per definition, if tp £ S(3^) is fixed, Kg-i/i = F(^y-jipo + where -0 = -00 + ■(/;_ 

with Tpo e C^(9-;R) and 0_ € 5(3") with supp (0_) C (-00, 0) x §2. Let us fix L e M and let us 
notice that, the very definition of on C^(3^;R) yields 

i^w(V'o)L=e-^"F(.)^o. 

To conclude it is sufficient to establish that it also holds: 

i^(„)(0_)L = e-'"F(,)0_ . (80) 

Since the definition of Kq,-0 does not depend on the chosen decomposition ip — tpQ + 0_, we can fix 
■00 and 0_ such that the support of (V'-)l is still included in (— oo,0). This holds true for every 0_ 
if L < 0, but it is not straightforward for L > and, in this case, the support of tp^ has to be fixed 
sufficiently far from 0). To establish (|80)) . let us use the coordinate x = — for v < 0. The singularity 
at = does not affect the procedure since the supports of all the involved functions do not include it. 
We know, thanks to the proof of Proposition 13.61 that there exists a sequence C^(3~;R) 9 0„ ^ ip-, 
all supported in supp ("0-) C (— oo,0) x S^; the convergence is here meant both in in the topology of 
-ff^(3^) and in that of Ag.-. Per direct inspection, one sees that, for the above-mentioned sequence it 
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holds supp {tpn)L C supp C (0, +00) X and i/'n "0- entails {ipn)L {'4'-)l for n +00 in the 
topology of H^{'^~)x. According to (b) in Proposition 13.61 this also implies that the convergence holds 
in the topology of Aq- . Since F(^y-^ is continuous with respect to the last mentioned topology, we get, as 
n — > +00: 

On the other hand, since F(v)'>Pn F^y)->jj^ in L^{R+ x S'^,kdk A dS^), it trivially holds as n — > +00: 
and thus 

which implies (I80p . concluding the proof. □ 

To conclude the proof of (c), we note that, in view of ([7^ . it must hold —2Im{K<ri-i/jQ,Kcj+(j)'^) = 
—2Im{Kcj- {^Po)l, Kq- (01 )l) for every L G M. Therefore, we can fix L so that supp (V^o) l C (—00, 0) x 
and supp ((0i))L) C (0, +00) x obtaining, as said before, 

-2/m(Ks-0o,Ks-0'i) =-2/m(KQ-(0.o)L,Ks-(0'i)i) =0. 

This implies (|78p and, hence, (c). □ 

Proof of Proposition 14.21 The first assertion arises per direct inspection of definition 14.11 and, thus, 
we need only to prove that the (complexified) functional on Cq°(^;C) x C^(^;C), Am and Aq.- are 
separately distributions in ^'{^ x To this end, it suffices to show that the maps / 1-^ Ai{f,-) 

and g '—^ Ai{-,g) are weakly continuous, i.e., they tend to when tested with any sequence of functions 
hj £ Cq°(^;C) which converges to in the topology of test functions. Here and hereafter the subscript 
i stands either for J{ or for 3^. According to theorem 2.1.4 of |H689| . such statement entails that both 
Ai(/, •) and Ai{-,g) are distributions in &'{^), hence they are sequentially continuous. Once established, 
one can, therefore, invoke the Schwartz' integral kernel theorem to conclude that A^ G 3l' {y^ x ^). In 
view of the complexification procedure, it is sufficient to consider only the case of real valued test functions. 
Let us start with in this case Aq- has the explicit form (|4ip in proposition 13.71 and, thus, one can 
take into account a generic decomposition (|42|) generated by a smooth function r\ supported on Ml x §^ 
and equal to one for w < -wq < 0. Due to the continuity property, discussed at point (f) of Proposition 

Ell 

lAa- (/, h)\ = I Ac,- (4_ , )| < C ||^.^_ ||.^_ 114- . 
We recall that, for every e S(Q^), Hi^IIq- is defined in (|44| as the sum 

= + 11(1 - '7)<<5|lfl-i(s-). • 

Continuity is tantamount to show that, for f,gG C^(^;M), if / ^ with a fixed g (or g ^ with a 
fixed /) in the topology of C§° (^; C) , both Sobolev norms, above written, tend to zero. Let us start from 
the second one. For a given compact K C as in the proof of Lemma [24] let us fix a sufficiently large 
globally hyperbolic spacetime c/K C ^ which is equipped with the metric 5 and which extends ^ partly 
around Furthermore must include K and c/K n 9~ should encompass all the points with v > vq, 
reached by the closure in ^ U 3^ of J^{K; ./#). If we notice that the causal propagator Ep-^ is a con- 
tinuous map from C^{^; M) — > C°°(c/K; R), one has that (1 — ri)ipl^_ and all the u-derivatives uniformly 
vanishes as / — ^ in the topology of C^{^;C). Since, per constriction, all the functions (1 — ''])'Pq- 
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have support in a common compact of K x §^ determined by rj and J~ {K; ^)), also \\ {l — r])ip{^_ |1hi(q-)„ 
tends to zero in view of the integral expression of the Sobolev norm. 

To conclude, in order to deal with the contribution ||r7(pQ_ ||/fi(cj-)^ , let us notice that, according to 
proposition 12.11 (point (b) in particular), the restriction of a solution of the D'Alembert wave equation 



on 9 decays on null infinity, for \v\ greater than a certain \vq\, as — ^^=, while its w-derivative as j-^^, 

where C/ tends to as / ^ in the topology of C^{.^;C). Hence per direct inspection, if we work 
with the coordinate x, also||?7</3Q_ ||_f/i(Q-)^ vanishes as / tends to zero in the topology of C^{^; C). 
The case of IK can be dealt with in the same way using the continuity presented in point {/) of proposition 
13.41 and the appropriate decay estimates of the wave functions presented in proposition 12.11 As before, 
one can reach the conclusion that both Aj<;(/, •) and A^{-,g) lie in &'{^). □ 

Proof of Proposition 14.41 Let us start considering as defined in (|44|) for some generic 

decomposition based on the choice of the function rj) . Here / G {^) and p lie in a conic neighbourhood 
Vk^ of kx , we are going to specify. The procedure we shall employ can be similarly used also for |j x'cp^^ || j^- 

to show that it is rapidly decreasing in p. Furthermore we recall that fp = fe^^^''\ while is the 

smooth limit towards of 3~ of Ep^fp, where Ep^ is the causal propagator of Pg as in Furthermore 

f . . . . 

ipi!-, together with its derivative along the global null coordinate v is known to decay at — oo according 

to the estimates (l20t in Proposition [27ll in turn based on the work of [DR09| . i.e., 
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Here X still stands for the smooth Killing vector field on the conformally extended Kruskal spacetime, 
coinciding with dy on 3^. They yields that the norm Wfl^-. Hq-, defined as in ([33]), is controlled by the 
above coefficients C3 and C4 which depend on (pfp , since the norms of the remaining universal functions 
smoothed about i~ are finite. Hence, we shall analyse them explicitly and we notice that all the relevant 
results in 12.11 can be straightforwardly extended to the complex case. Our goal is to establish that the 
coefficients C3 and C4 are rapidly decreasing in p when computed for (p^p in the given hypotheses about 
X and kx. 

As a starting point, let us consider the case in which x e /+('B;^), S being the bifurcation. In order 
to study this, as well as all other scenarios, we make use of the results and of the techniques available in 
[DR09| of which we shall adopt nomenclatures and conventions. In this last cited paper it is manifest, 
that, up to a term depending on the support of initial data, the dependence on the wave function in C3 
and C4 is factorised in the square root of the so-called coefficient E^, namely formula (5.4) in [PRO 9] . 
After few formal manipulations, the relevant expression can be (re)written as an integral over the constant 
time surface Ei C unambiguously individuated, in the coordinates (t,r, 0, 0), as the locus t = — 1. 
Here we consider t = —I because we are interested in the decay property in a neighbourhood of . Hence 



i=1..2'^^i 1=1. .4"^^ 



E 

i=1..5 



r,,,(r!V) X'^n-'dfiil^i), (81) 



where n is the vector orthogonal to Ei, pointing towards the past, and normalised as g^^'^nf^n,j — — 1, 
K = -§- + is the so-called Morawetz vector field, X is the timelike Killing vector field -§t , whereas 
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dfi{Tii) is the metric induced measure on Si. Furthermore, 

T^i^i'p) = ^ {dfjpd„ip + d^lfdf,(p) - ]^g^y (dx'ipd^ip) , 

stands for the stress-energy tensor computed with respect of the solution (p, while fl^ = r^yy is the 
squared angular momentum operator, y, being the covariant derivative induced by the metric nor- 
malised with r = 1, on the orbits of iS'0(3) isomorphic to We remark both that the above expression 
can be found in theorem 4.1 in |DR08| and, more important to our purposes, that the integrand is a 
(hermitian) quadratic combination of a finite number of derivatives of (pff on Si. Furthermore, since 
{supp{fp); ^) n Si is compact, the integrand in (I81|) docs not vanish at most on a compact set and, 
thus, the overall integral can be bounded by a linear combination of products of the sup of the absolute 
value of derivatives of (p-^p up to a certain order, all evaluated on Si. Let us notice that, all the remaining 
functions in the integrand which define £^5, barring the said products of derivatives, are continuous and, 
thus, bounded on the compact set where (p-^''' does not vanish on Si. 

Let us thus focus on (^^f itself as well as on both the initially chosen x £ /+(®;^) and kx- If one uses 
global coordinates, we identify an open relatively compact set which contains both the support of / 
and that of the function p we shall introduce in by means of a local coordinate patch. In this way 
every vector p £ can be viewed as an element of the cotangent space at any point in that set. It is 
also always possible to select / £ C^(.-#;M) with f{x) = 1 and with a sufhcicntly small support, such 
that every inextensible geodesic starting from supp{f), with cotangent vector equal to fc^,, intersects J{ 
in a point with coordinate C/ > 0. Hence, we can always fix p € C^(J?r;R) such that (i) p = 1 on 
{supp{J); ^) n Si and (ii) the null geodesies emanating from supp{f) with as cotangent vector 
do not meet the support of p. Furthermore, on account of the form of the wave front set of Ep^{z, z'), 
now thought of in the whole Kruskal spacetime J^, whose elements (z, z' , k^, kz') have always to fulfil 
(z, kz) ~ {z' , —kz'), we realize that, with (x, k^) fixed as above and with the given definitions of / and p, 

{{xi,X2,ki,kx) e T*{^ X ^)\xi£ supp {p), X2 e supp (/), ki e K^} n WF{E) = . 

If we employ this result and if we remember the definition of wavefront set we can use Lemma 8.1.1 in 
|Ho89j ■ though working in the coordinate frame initially fixed on the compact 0, to further adjust p, / 
while preserving the constraints already stated. In this way there exists an open conical neighbourhood 
Vk^ of kx in T*^ such that for all n,n' = 1,2, ... , one can find two nonnegative constants C„ and 
which fulfil 

uniformly for (ki,p) G (R"'\{0}) x Vk^. The searched bounds on the behaviour at large \p\ for C3 and C4, 
computed for ip-^'' with p in a open conical neighbourhood of kx , arise in term of corresponding bounds of 
the derivatives \d^tpfp {x)dx'p-^'' {x)\. One must take into account the explicit expression of both C3 and 
C4 as integrals over the relevant portion of Si, which has finite measure because it is compact. Each 
factor d'^ip^''{x) coincides with the inverse fci-Fourier transform of pEf{ki,p) multiplied with powers of 
the components of ki up to a finite order which depends on the considered degree of the derivative. As a 
last step, to get rid of the ki dependence, one needs to integrate the absolute value over fci, but the right 
hand side of grants us that the overall procedure yields that the supremum of the integrand in ([5T|l 
is of rapid decrease in p for all p € Vk^ ■ 

Nonetheless, the result is not yet conclusive since we still need to analyse the case in which the point x 
lies in 9J+('B; J?^) n that is x € 'Kev In such case, for every open cone F e T*./^ containing kx. 
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there exists p G T such that the inextensible geodesic which starts form x and it is tangent to p, meets 
the closure of Si, hence reaching S. Therefore, in order to apply the same argument as before, we need 
to modify the form of Si in the computation of ([5T|l in a neighbourhood of S. Therefore we need a 
slightly more refined estimate of the decay-rate of the solutions of (O on 3" . This can be achieved if 
we adapt the proof of Theorem 1.1 in |DR09j under the assumption that we modify the form of Si, used 
to compute (|8ip into that of another spacelike hypersurface, say S'l, contained in W and such that it 
intersects 'K at some negative value of the Kruskal null coordinate U. Hence it differs from Si only in a 
neighbourhood of S. 

In the forthcoming discussion, we shall briefly review the arguments given in jPROQj in order to 
show that it is really possible to deform the initial surface Si on which the value of i?5 is computed, 
preserving at the same time the decay estimates presented above as well as in ([^0]). To this end we shall 
follow the discussion and the notation introduced in [DR09j in order to obtain the decay estimates in 
the neighbourhood of i'^. The desired estimates towards i~ could be obtained out of the time reversal 
symmetry. Let us start noticing that a central role in the analysis performed in [DR09j is played by the 
flux generated by the Morawetz vector field K — + u^^. Moreover, as explained in Section 9 of 
[DR09| . the crucial estimates, are obtained out of the divergence, a.k.a, Stokes-Poincare theorem, applied 
to the current {(p): 

which is generated by K though with a modification due to total derivatives. If we follow such way of 
reasoning, we can compute the mentioned flux between two spacelike smooth surfaces Si and S2 in W , 
identified respectively as the loci with fixed time coordinate {t = ti} and {t = 12], though with t2 > ti. 
The end point is 

where {t2) is the boundary term computed on S2 and /^^(CP) is the the volume term computed in 
the region T = J+(Si) n J^(S2). Let us notice that the integrand of the boundary terms E^{ti) are 
everywhere positive, while, as it can be seen from Proposition 10.7 of |DR09| . the one of the volume 
element /^(T) is negative everywhere, but in the region CP n {rg < r < i?} where the constant rg and R 
(with 2m < ro < 3m < R) are defined in section 6 of [DR09| . For our later purposes, since we would like 
to eventually deform both Si and S2 in a neighbourhood of 'B, one should notice that the integrand is 
negative on such a neighbourhood if chosen in the region r < rg. 

Since the pointwise decay estimate towards i+ on 3+ can be obtained from E^ (t), the problem boils 
down to control the bad positive volume term in 1^(1'). Luckily enough, the positive part of (V) can 
be tamed by t2 times /^(T) + InipC-^) where I^C?) is the sum of the volume terms. These arise out of 
the divergence theorem applied to the modified current generated by vectors like Xi = fiir*)-^ acting 
separately on an angular mode decompositior0. We refer to Section 7 of [DR09| for further details on the 
construction of and to [DR07| for recent results that do not require a decomposition in modes. 

Notice that, as discussed in proposition 10.2 of |DR09| the boundary terms \E^{t) \ are always smaller 
then a constant C times the conserved fiux of energy E^{t), with respect to the Killing time Hence, 
if we collect all these results, it is possible to write 

E!^it) <E!^{h) + it-h)CiE^4h)+En^4h)), (83) 

^Here £{£ + 1) is the eigenvalue of the angular momentum operator. 
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where is the square root of the angular momentum while tp^ is a solution of the equation of motion 
coinciding with ip on (ti,t) x (r-Q, i?) x This vanishes in a neighbourhood of 23, as the one constructed 
in the proof of Proposition 10.12 in [DR09| . More precisely, for t sufficiently close to ii, ipP^ can be 
chosen as the solution generated by the following compactly supported Cauchy data on : (p'^{ti,r*) = 
x(2r*/ii)(^(ii, r*) and dtf^itir*) — x(2?'*/ti)3((/3(ti, r*), where x is a compactly supported smooth 
function on M equal to 1 on [—1, 1] and vanishing outside [—1.5, 1.5]. 

As explained in Section 12.1 of |DR09| . it can be shown that, if ^2 = l.lii and ti is sufficiently large, 
then E^x{t2) < C E^(p{t2) and this allows to obtain a better estimate then l|83p. namely it yields 

t2l^{y) < ^E^iti) + CiE^.{h) + En^.{ti)), (84) 

which is valid for t2 = l.lti in particular. The estimate for a generic interval t — ti can be obtained, along 
the lines of Section 12.1 of [DR09] . dividing t — ti in sub interval ti-|_i — l.lti and eventually summing 
the estimates over i. In such a way it is possible to obtain 

t/^(T) < CE^ih) + Clog(t) (E^.ih) + En^4h)) , 

for a generic interval. As a final step, if we apply the same reasoning for tI^^{'J') and if we use both of 
them to control , we obtain a better estimate for E^ then the one (ISS)) , namely 

E^it) = CE^ih) + CE^^ih) + Clog(i) + En^.ih) + Enn^^t,)) , (85) 

where t in (j83p is substituted by log(t), the price to pay in order to consider higher angular derivatives. 

The log(i) can eventually be removed once again out of the same line of reasoning, using (|85p in place 
of ([831) to improve ([84]). The end point is 

E^{t2)<cl J2 En^Ah)+ J2 ^0"^(ti)) <^5(Si). 

\n=0..3 n=0..2 / 

We would like to stress that, since the integrand (0) is positive whenever is a small neighbourhood 
of 23, the very same results can be obtained out of a modification of the surfaces Ei and E2 in such a 
way that they are still spacelike while they intersect the horizon at positive V equal to Vq; in this 
new framework the form of E^CE,^) is left unaltered with respect to ([5T|) . though it is computed on a 
modified surface E'j^. The decay estimate towards i'^ on 3+ can eventually be obtained as in Section 13.2 
of [DR09| . At this point, out of time reversal, we can employ a similar argument as before in order to 
get the rapid decrease in p of W^p^!- \\q- ■ 

The horizon case can be dealt in a similar way and, in such case, the pointwise decay on 'H~ can be 
shown to be controlled by an integral similar to the one defining E^, though here it is again computed 
on the modified surface. In order to establish the mentioned peeling off rate, it is, however, necessary 
to consider another flux, namely that generated by a vector field Y which approaches ^ \^ du on the 

horizon !K, as described in Section 8 of [DR09| . In this framework, even if the integrand of the volume 
term , associated with Y, is negative in a region formed by the compact interval [fo,i?], it can be 

controlled in a similar way as previously discussed for I^. □ 

Proof of Lemma 14.21 As a starting point, let us recall that Ajj is a weak-bisolution of ([5]), whose 
antisymmetric part is nothing but the causal propagator Ep^ in The wave-front set of Ep^ is well- 
known |Ra96a| and it contains only pair of non-vanishing light-like covectors, so that: 

(x,j/,fc„0) ^ WF{EpJ , ix,y,0,ky) i WF(Ep;) . 
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Therefore, whenever {x,y,kx,0) G WF{A^), also 0, fc^,) must He in WF{Aij) and vice versa; oth- 
erwise the wavefront set of the antisymmetric part of Ajj, which is nothing but Ep^, would contain 
a forbidden element {x,y,k,j;,0). This allow us to focus only on an arbitrary, but fixed {x,y,k,j;,0) € 
T*{^ X ^) \ {0} and we need to show that it docs not lie in WF{Aij). Furthermore we know, thanks 
to Part 1 of the proof of theorem 14.11 that Au is of Hadamard form in W and, thus, the statement 
of this lemma holds if a;,?; G W. We shall hence focus on the case of x E ^ \ °W and y E W, the 
remaining ones will be treated later. In this scenario, it sufhces to consider only those such that there 
are no representatives of B{x,kx) lying in otherwise we would be falling in the already discussed 
case using a propagation of singularities argument. This restriction yields, however, that a representative 
{q, kg) G B{x, kx) exists such that q G JC"*" U 25. Summarising, we are going to prove that (x, y, kx,0) is a 
direction of rapid decreasing for A[/(/fc^,/i), for some functions f,g E C^(^;M) with f{x) = h{y) = 1, 
provided that both x E , y eW and a representative (g, kq) E B{x, k^) exists such that q E Jf+US. 

As before, fk^ = /e*^*^^''^ and = Eh. 

In this scenario, let us pick a partition of unit x + x' = l :3^^K where x G M) and x = 1 in a 

neighbourhood of q. Hence 

Ac/(A.., /i) = \^{XV^^- , A) + Am(xVm^ > v'ii) + Aa- ivi'- , f^-)- (86) 

The second and third terms are rapidly decreasing in k^ because they are respectively dominated by 
CllxVix"' IIm" ■ IIv'mIIm- and C'\\(p{-^^ ||cj- • \\^^- Hq- , C and C being positive constants, which, in turn, 
are rapidly decreasing in k^ due to Proposition 14.41 The norms || • ||m and || • are those respec- 
tively defined in p3|l and in (|44|l . Therefore, we need only to establish that kx is of rapid decreasing for 
■^^ixV^" , if'^)- This can be done by the same procedure as that used at the end of the case A in the 

proof of Theorem 14. II leading to ([55)) . to prove the rapid decrease of kx i— > \'k{xVji' ' ) ^ fixed ky 
and assuming ky = there (that part of the proof is independent form the lemma we are proving here, 
while this lemma is used elsewhere therein). 

Let us now treat the case y E ^ \ W and x E W , and let us prove that (a;, y, /cj;, 0) ^ WF{^A\j) 
following procedures analogous to those exploited in [SVOOj . To this end we adopt an overall frame 
where a coordinate, indicated by i, is tangent to X and the remaining three coordinates are denoted 
as X. In this setting, the pull-back action of the one-parameter group generated by X acts trivially as 
{Prf){t,x) = f{t — T,x). To start with, let us notice that, due to the restriction ([54|) . the cases of kx 
spacelike or timelike can be immediately ruled out, so we are left to consider kx E T*{^ \ W) = R"' 
of null type. Hence we can exploit the splitting kx — {kxt,kx), where we have isolated the i-component 
from the three remaining ones kx- 

For kx as before, let us consider the two non-null and non- vanishing covectors q = {0,kx) and q' = 
{-kxt,0)- In view of dSJ) {x,y,q,q') ^ WF{Au), hence, out of (c) of Proposition 2.1 of | Ve99j . there 
exists an open neighbourhood V of {q, q'), as well as a function tp' E C^{R'^ x M"'; C) with ■(/''(O, 0) = 1, 
such that for all n > 1, 



sup 

k,k'eV' 



drdr'dx'dy' i^'{x',y') e^^-'C^^^+'^-'^e^^-'iKr'+k'v'Jj^^^p^ ^ J) 



< C„A", (87) 



which holds for every < A < A„, where both C„ > and A„ > are suitable constants. In the preceding 
expression we have employed the notation x' = (t, x'), and y' — {t' ,y') where we have highlighted the 
t— component. Moreover F^^, — {z,u) is defined as follows 

(a; ,y )A 

P(P) 



Fp-,),^{z,u) - F{x + \-P{z-x' -x),y + \-P{u~i -y)) , F G C„°°(.^ x ^; C) , F(0,0) = 1, 
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F being the standard Fourier transform. At this point we can make a clever use of the translation 
invariance of Ajj under the action of P^t-t' ® P-t-t' in order to infer that AuWt ® Pt'(fI-} ,)) is 
equal to Ku{j3-r' ® P-t(Fm x)), Hence, from (|87l) . it arises that, for all p > 1: 



sup 

k,k'eV 



if < A < A„. The found result implies that (|87|) also holds if one replaces (i) V' with tl;{x',y') = 
V'((r',x'),(r,y')) and (ii) V with V = {(-fcj, fc), (-fct,F)) e x | ((kt,k),{k't,¥)) e V'}. This is an 
open neighbourhood of {kx,0) as one can immediately verify since V 3 {q, q'), so that both V 3 {kx,0), 
and the map K'^ x 9 ((fc*, k), {k[,k')) ^ {—k[,k), {—kt,k')) € x is a homeomorphism, it being 
linear and bijective. If one exploit once more proposition 2.1 of |Ve99| . it yields that {x,y,kx,0) ^ 
WF{Au) as desired. 

In order to conclude the proof, we need to analyse the last possible case, namely both x,y ^ ^ \ W . If a 
representative of either -B(a;, k^) or -8(2/, ky) lies in T*'W ^ we fall back in the previous analysis. Hence, we 
need only to focus on the scenario where no representatives of both B{x^ k^) and B{xj^ ky) lies in T*W . In 
this case, we can make use of an argument substantially identically to the one used in the analysis above, 
i.e., if we introduce a partition of unit on IK for both variables. In this way we have a decomposition 
like (|86|) with two more terms which can be analysed exactly as the others, thus leading to the wanted 
statement. □ 



References 

[Ar99] H. Araki: "Mathematical Theory of Quantum Fields", Oxford University Press (1999). 

[Ba84] R. Balbinot: "Hawking radiation and the back reaction - a first approach" Class. Quant. Grav. 1 
(1984) 573. 

[BaOl] R. Balbinot, A. Fabbri, V. P. Frolov, P. Nicolini, P. Sutton and A. Zelnikov, "Vacuum polariza- 
tion in the Schwarzschild spacetime and dimensional reduction," Phys. Rev. D 63 (2001) 084029 
|arXiv:hep-th/001204^ . 

[BGP96] C. Bar, N. Ginoux, F. Pfaffle, "Wave equations on Lorentzian manifolds and quantization", ESI 
Lectures in Mathematics and Physics, European Mathematical Society Publishing House (2007). 

[BR021] O. Bratteli, D. W. Robinson, "Operator Algebras And Quantum Statistical Mechanics. Vol. 1: 
C* And W* Algebras, Symmetry Groups, Decomposition Of States" , second edition. Springer- Verlag 
(2002). 

[BR022] O. Bratteli, D. W. Robinson, "Operator algebras and quantum statistical mechanics. Vol. 2: 
Equilibrium states. Models in quantum statistical mechanics", second edition. Springer (2002). 

[BR87] H. Brezis "Analyze fonctionelle", second edition, Masson, Paris (1987). 

[BS03-05] A.N. Bernal, M. Sanchez, "On Smooth Cauchy Hypersurfaces and Gerochs Splitting Theorem", 
Commun. Math. Phys. 243, (2003) 461. 

A.N. Bernal, M. Sanchez, "Smoothness of Time Functions and the Metric Splitting of Globally 
Hyperbolic Spacetimes", Commun. Math. Phys. 257, (2005), 43. 



60 



[BS06] A.N. Bernal, M. Sanchez, "Further Results on the Smoothability of Cauchy Hypersurfaces and 
Cauchy Time Functions", Lett. Math. Phys. 77, (2006) 183. 

[BFOO] R. Brunetti, K. Fredenhagen, " Microlocal analysis and interacting quantum field theories: Renor- 
malization on physical backgrounds.", Commun. Math. Phys. 208 (2000), 623. 

[BFK96] R. Brunetti, K. Fredenhagen and M. Kohler, "The microlocal spectrum condition and Wick 
polynomials of free fields on curved spacetimes," Commun. Math. Phys. 180 (1996) 633. 

[BFV03] R. Brunetti, K. Fredenhagen, R. Verch., "The Generally covariant locality principle: A New 
paradigm for local quantum field theory.", Commun. Math. Phys. 237 (2003), 31. 

[CaSO] P. Candelas 'Vacuum polarization in Schwarzschild spacetime", Phys. Rev. D 21 (1980) 2185. 

[Da08a] C. Dappiaggi "Projecting Massive Scalar Fields to Null Infinity" Ann. Henri Poin. 9 (2008), 35 

[Da08b] C. Dappiaggi "On the Lagrangian and Hamiltonian formulation of a scalar free field theory at 
null infinity" Rev. Math. Phys. 20 (2008), 801. 

[DR05] M. Dafermos and I. Rodnianski, "A proof of Price's law for the collapse of a self- gravitating 
scalar field," Invent. Math. 162 (2005), 381 [arXiv:gr-qc/0309115 . 

[DR07] M. Dafermos and I. Rodnianski, "A note on energy currents and decay for the wave equation on 
a Schwarzschild background," arXiv:0710.0171 [math.AP]. 

[DR08] M. Dafermos and I. Rodnianski, "Lectures on black holes and linear waves, " larXiv:081 1 .03541 
[gr-qc]. 

[DR09] M. Dafermos and I. Rodnianski, "The red-shift effect and radiation decay on black hole space- 
times," Comm. Pure and AppL Math. 62 (2009) 0859, |arXiv:gr-qc/0512119) . 

[DMP06] C. Dappiaggi, V. Moretti and N. Pinamonti, "Rigorous steps towards holography in asymptot- 
ically flat spacetimes". Rev. Math. Phys. 18 (2006), 349. 

[DMP09a] C. Dappiaggi, V. Moretti and N. Pinamonti, "Cosmological horizons and reconstruction of 
quantum field theories", Commun. Math. Phys. 285 (2009) 1129 arXiy;_0712.1770 [gr-qc]]. 

[DMP09b] C. Dappiaggi, V. Moretti and N. Pinamonti, "Distinguished quantum states in a class 
of cosmological spacetimes and their Hadamard property," J. Math. Phys. 50 (2009) 062304 
larXiv:0812.4033l [gr-qc] 

[DK86-87] J. Dimock and B. S. Kay, "Classical And Quantum Scattering Theory For Linear Scalar 
Fields On The Schwarzschild Metric. L, Annals Phys. 175 (1987), 366. 

J. Dimock and B. S. Kay, "Classical And Quantum Scattering Theory For Linear Scalar Fields On 
The Schwarzschild Metric. 2. J.Math. Phys. 27 (1986), 2520. 

[DH72] J.J. Duistermaat and L. Hormander, "Fourier integral operators U" Acta Math. 128 (1972), 183. 

[FH90] K. Fredenhagen and R. Haag, "On the derivation of Hawking radiation associated with the for- 
mation of a black hole," Commun. Math. Phys. 127 (1990), 273. 

[GR95] I. S. Gradshteyn, I. M. Ryzhik, "Table of Integrals, Series, and Products, Fifth Edition, Academic 
Press, (1995). 



61 



[Ha92] R. Haag, "Local quantum physics: Fields, particles, algebras", Second Revised and Enlarged 
Edition, Springer (1992). 

[Haw74] S. W. Hawking, "Particle Creation By Black Holes," Commun. Math. Phys. 43 (1975), 199 
[Erratum-ibid. 46 (1976), 206]. 

[HWOl] S. Hollands and R.M. Wald, "Local Wick polynomials and time ordered products of quantum 
fields in curved space-time.", Commun. Math. Phys. 223 (2001), 289. 

[HW04] S. Hollands and R.M. Wald, "Conservation of the stress tensor in perturbative interacting quan- 
tum field theory in curved spacetimes." Rev. Math. Phys. 17 (2005), 227. 

[HoOO] S. Hollands, "Aspects of Quantum Field Theory in Curved Spacetime". Ph.D. thesis. University of 
York, 2000 unpublished. 

[H689] L. Hormander, ''The Analysis of Linear Partial Differential Operators /", second edition, Springer- 
Verlag, Berlin, Germany (1989). 

[Hu72] N.M. Hugenholtz in "Mathematics of Contemporary Physics", R.F. Streater Editor, Academic 
Press, London, (1972) 

[Ka79] B. S. Kay: "A uniqueness result in the Segal- Weinless approach to linear Bose fields", J. Math. 
Phys. 20 (1979), 1712. 

[Ka85a] B.S. Kay "The Double Wedge Algebra For Quantum Fields On Schwarzschild And Minkowski 
Space-Times", Commun. Math. Phys. 100 (1985), 57. 

[Ka85b] B.S. Kay "A uniqueness result for quasi-free KMS states", Helvetica. Phys. Acta. 58 (1985), 
1017 

B.S. Kay "Purification of KMS states", Helvetica. Phys. Acta. 58 (1985), 1030. 

[KW87] B. S. Kay, R. M. Wald, "Linear stability of Schwarzschild under perturbations which are nonva- 
nishing on the bifurcation 2-sphere." , Classical Quantum Gravity 4 (1987), 893898. 

[KW91] B. S. Kay, R. M. Wald, "Theorems On The Uniqueness And Thermal Properties Of Stationary, 
Nonsingular, Quasifree States On Space-Times With A Bifurcate Killing Horizon", Phys. Rept. 207 



[Luk09] J. Luk, " Improved decay for solutions to the linear wave equation on a Schwarzschild black hole", 
larXiv:0906.5588l [gr-qc] . 

[Mo03] V. Moretti, "Comments on the stress-energy tensor operator in curved spacetime", Commun. 
Math. Phys. 232, 189 (2003). arXiv: |gr-qc/0109048| 

[Mo06] V. Moretti, "Uniqueness theorems for BMS-invariant states of scalar QFT on the null boundary 
of asymptotically flat spacetimes and bulk-boundary observable algebra correspondence ", Commun. 
Math. Phys. 268 (2006), 726 [ arXiv:gr-qc/0512049|. 

[Mo08] V. Moretti, "Quantum out-states states holographically induced by asymptotic flatness: Invariance 
under spacetime symmetries, energy positivity and Hadamard property", Commun. Math. Phys. 279 
(2008), 31 [ a rXiv:gr-qc/0610143| . 



(1991), 49. 



62 



[MP05] V. Moretti and N. Pinamonti, "Bose-Einstein condensate and spontaneous breaking of conformal 
symmetry on Killing horizons", J. Math. Phys. 46 (2005), 062303, [ ar Xiv:hep-th/0407256j . 

[0'N83] B. O'Neill, "Semi-Riemannian Geometry with Applications to Relativity", Academic Press, New 
York (1983). 

[Ra96a] M. J. Radzikowski: "Micro-local approach to the Hadamard condition in quantum field theory 
on curved space-time", Commun. Math. Phys. 179 (1996), 529. 

[Ra96b] M. J. Radzikowski: "A Local to global singularity theorem for quantum field theory on curved 
space-time", Commun. Math. Phys. 180 (1996), 1. 

[RS75] M. Reed and B. Simon: "Methods of Modern Mathematical Physics" vol. II Fomier Analysis, 
Self-Adjointness, Academic Press, New York (1975). 

[Sw82] G. L. Sewell, "Quantum fields on manifolds: PCT and gravitationally induced thermal states", 
Ann. Physics 141 (1982), 201. 

[SVOO] H. Sahlmann and R. Verch, "Passivity and microlocal spectrum condition, " Commun. Math. Phys. 
214 (2000), 705. 

[SVOl] H. Sahlmann and R. Verch, "Microlocal spectrum condition and hadamard form for vector valued 
quantum fields in curved space-time," Rev. Math. Phys. 13 (2001), 1203. 

[Sa09] K. Sanders, "Equivalence of the (generalised) Hadamard and microlocal spectrum condition for 
(generalised) free fields in curved svacetime. " iarXiv:0903.102 1 [math-ph]. 

[SW83] B. Schmidt and M. Walker "Analytic conformal extensions of asymptotically flat space-times" J. 
Phys. A: Math. Gen. 16 (1983), 2187. 

[Sc09] B. Schroer, "BMS symmetry, holography on null-surfaces and area proportionality of 'light-slice' 
entropy, "larXiv:0905.4435 [hep-th]. 

[Un76] W.G. Unruh "Notes on balck-hole evaporation", Phys. Rev. D 14 (1976), 870. 

[Ve99] R. Verch "Wavefront sets in algebraic quantum field theory" Commun. Math. Phys. 205 (1999), 
337. 

[Wa84] R. M. Wald: "General Relativity", Chicago University Press, (1984). 

[Wa94] R. M. Wald: "Quantum field theory in curved space-time and black hole thermodynamics", The 
University of Chicago Press (1994). 

[WR96] I. Racz and R. M. Wald, "Global Extensions of Spacetimes Describing Asymptotic Final States 
of Black Holes", Class. Quantum Grav. 13 (1996), 539. 



63 



